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Abstract. We generalize the notion of a small sheaf of sets over a topological 
space or manifold to define the notion of a small stack of groupoids over an 
etale topological or diffcrcntiablc stack. We then provide a construction analo- 
gous to the etale space construction in this context, establishing an equivalence 
of 2-categories between small stacks over an etale stack and local homeomor- 
phisms over it. We go on to characterize small sheaves and gerbes. We show 
that ineffective data of etale stacks is completely described by the theory of 
small gerbes. Furthermore, it is shown that etale stacks (and in particular orb- 
ifolds) induce a small gcrbc over their effective part, and all gerbes arise in this 
way. It follows that ineffective orbifolds, sometimes called non-reduced orb- 
ifolds, encode a canonical gerbe over their effective (or reduced) part. For nice 
enough classes of maps, for instance submersions, we show that etale stacks 
are equivalent to a 2-category of gerbed effective etale stacks. Along the way, 
we also prove that the 2-catcgory of topoi is a full reflective sub- 2-category of 
localic stacks. 
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1. Introduction 



The purpose of this article is to extend the theory of small sheaves of sets over 
spaces to a theory of small stacks of groupoids over etale topological, differentiablc, 
and localic stacks. We provide a construction analogous to the etale space con- 
struction in this context and establish an equivalence of 2-categories between small 
stacks over an etale stack and local homcomorphisms over it. This theory provides 
an interpretation of the ineffective data of any etale stack as a small gcrbe over its 
effective part. Moreover, every small gerbe over an effective etale stack & arises 
from some etale stack whose effective part is equivalent to W . In particular, this 
applies to orbifolds, showing ineffective orbifolds, sometimes called non-reduced 
orbifolds, encode a canonical gerbe over their effective (or reduced) part. 

Etale stacks model quotients of spaces by certain local symmetries, and their 
points can posses intrinsic (discrete) automorphism groups. A more or less direct 
consequence of the existence of points with non-trivial automorphism groups is that 
etale stacks form not only a category, but a bicategory. A widely studied class of 
such stacks are orbifolds, which have a wide range of uses in foliation theory, string 
theory, and conformal held theory. More generally, etale stacks are an important 
class of stacks as they include not only all orbifolds, but more generally, all stacky 
leaf spaces of foliated manifolds. The passage from spaces to etale stacks is a natural 
one as such a passage circumvents many obstructions to geometric problems. For 
example, it is not true that every foliation of a manifold M arises from a submersion 
/ : AI — > N of manifolds, however, it is true that every foliation on M arises from 
a submersion M — )• 3£ , where i£* is allowed to be an etale differentiablc stack [20]. 
Similarly, it is not true that every Lie algebroid over a manifold M integrates to a 
Lie groupoid Q =4 M, [6], however it is true when the arrow space Q is allowed to be 
an etale differentiablc stack [27] . Etale stacks are also a natural setting to consider 
small sheaves (and more generally small stacks), as the results of [25] imply that 
etale stacks are faithfully represented by their topos of small sheaves. 

Recall that for a topological space X, a small sheaf over A" is a sheaf over its 
category of open subsets, O (X), where the arrows are inclusions. The correspond- 
ing topos is denoted as Sh (X) . For small (pre-)sheaves over X, there is an etale 
space construction: 

Given a prcshcaf F over X, there exists a space L (F) and a local homcomorphism 



such that for every open subset U of X, sections of the map L (F) over U are in 
bijection with elements of aF (U) , where aF is the sheaf associated to F. The 
space L(F) (together with its map down to X) is called the etale space of F. More 



L(F) :L{F)^X 
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precisely there is a pair of adjoint functors 

Set O(X)°r t^TOP/X , 

such that 

L(U) = U ^ X. 

Here, L takes a presheaf to its etale space and T takes a space over X to its sheaf 
of sections. This adjunction restricts to an equivalence 

Sh (X) ^—r Et (X) , 

L 

between the category of small sheaves over X and the category of local homeomor- 
phisms over X . 

Similarly, a small stack over a space X is a stack (of groupoids) i2° over the 
category of open subsets of X. It is not reasonable to hope to construct an etale 
space for iF whose sections over an open subset U are equivalent to 3f (U), unless 
each of the groupoids 3f (U) are (equivalent to) sets, since sections of a map of 
spaces can only form a set. Hence, one can only find an etale space for sheaves. If 
there were to be an etale "space" associated to a stack, this "space" would need to 
actually be an object of a bicategory, so that sections of the map 

L(2f)^X 

could form a genuine non-discrete groupoid. In this paper, we show that this can 
be accomplished if we, instead of searching for an etale space, find an etale etale 
stack, which we less awkwardly name the etale realization of 3f. In fact, we extend 
this result to the setting of small stacks of groupoids over etale stacks. 

We define the notion of a small sheaf and stack over an etale topological, diffcr- 
cntiable, or localic stack in much the same way as for topological spaces, by finding 
an appropriate substitute for a Grothcndicck site of open subsets. Sheaves over this 
site are what we call small sheaves over 36 ', and similarly for stacks. For example, 
if G is a discrete group acting on a space X, the stacky quotient Xj /G is an etale 
topological stack, and a small sheaf over M//G is the same as a G-equivariant 
sheaf over M, which can be described as a space E equipped with an action of G 
and a local homeomorphism E — > M which is equivariant with respect to the two 
G-actions. If X happens to be an orbifold, then there is an existing notion of sheaf 
over X ' , and it agrees with the definition of a small sheaf over X in the sense of 
this paper. 

Small sheaves and stacks need to be distinguished from their large counterparts. 
The 2-topos of large stacks over an etale stack X is the slice 2-topos 

St (TOP) /X, 

in the case of topological stacks, and similarly for the localic and smooth setting. 
This distinction is highlighted in [18]. A small sheaf or stack over a space or stack 
should be thought of as algebraic data attached to that space or stack, whereas a 
large sheaf or stack should be thought of as a geometric object sitting over it. In 
particular, the study of small gerbes in this setting seems to be a relatively recent 
endeavor. It should be noted that nearly all applications in the literature of gerbes 
in differential geometry are applications of large gerbes, moreover large gerbes with 
band U(l), so-called bundle-gerbes (see e.g. [23, 3]). Not every large gerbe is a 
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small gerbe, nor is every large gerbe a bundle gerbe. To the author's knowledge, 
there has been, as of yet, little application of small gerbes in differentiable geometry 
or topology. However, the classification of extensions of regular Lie groupoids given 
in [21] may be interpreted in terms of small gerbes over etale stacks. Nonetheless, 
there are plenty of examples of small gerbes right under everyone's noses, in the 
disguise of ineffective data, e.g. every ineffective orbifold gives rise to a small gerbe 
as does any almost-free action of a Lie group on a manifold. One aim of this paper 
is to establish the technical tools necessary to begin the study of these objects. 

1.1. Small gerbes and ineffective isotropy data. Besides establishing a theory 
of small sheaves and stacks over etale stacks, this paper unravels the mystery behind 
ineffective data of etale stacks. Suppose that G is a finite group acting on a manifold 
M. The stacky-quotient Mj /G is an etale differentiable stack, and in particular, an 
orbifold. Points of this stacky-quotient are the same as points of the naive quotient, 
that is, orbits of the action. These are precisely images of points of M under the 
quotient map M — > M//G. For a particular point x £ M, if [x] denotes the point 
in Mj /G which is its image, then 

Aut ([x]) = G x . 

If this action is not faithful, then there exists a non-trivial kernel K of the homo- 
morphism 

(1) 9 ■ G -> Diff (M) . 

In this case, any element k of K acts trivially and is tagged-along as extra data in 
the automorphism group 

Aut ([x]) = G x 
of each point [x] of the stack M//G. In fact, 

P| G x = Ker (p) . 

In particular, p restricted to Aut ([x]) becomes a homomorphism 

(2) Px : Aut {[x])^ Diff (M) x 

to the group of diffcomorphisms of M which fix x. This homomorphism is injec- 
tive for all x if and only if the kernel of p is trivial. The kernel of each of these 
homomorphisms is the "inflated" part of each automorphism group, and is called 
the ineffective isotropy group of [x]. Up to the identification 

Aut([x])=G x , 

each of these ineffective isotropy groups is K. This extra information is stripped 
away when considering the stacky-quotient 

Mil (G/K) , 

that is to say, Mj / (G/K) is the effective part of M//G. 

Hence, having a kernel to the action (1) artificially inflates each automorphism 
group. As an extreme example, suppose the action p is trivial, and consider the 
stacky quotient Mj /G. It is the same thing as M except each point x, has the group 
G, rather the the trivial group, as an automorphism group. These automorphisms 
are somehow artificial, since the action p sees nothing of G. In this case, the entire 
automorphism group of each point is its ineffective isotropy group, and this is 
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an example of a purely ineffective orbifold. Since these arguments are local, the 
situation when S£ is an etale stack formed by gluing together stacks of the form 
M„/ /G a for actions of finite groups, i.e. a general orbifold, is completely analogous. 

For a more general etale stack, for example a stack of the form M//G where G 
is discrete but not finite, there is no such local action of the automorphisms groups 
as in (2), but the situation can be mimicked at the level of germs. There exists a 
manifold V and a (representable) local homeomorphism 

such that for every point 

x : * -> X, 

i) the point x factors (up to isomorphism) as * -^-> V —> X, and 

ii) there is a canonical homomorphism p x : Aut (x) —> Diff s (V) , 

where Diff x (V) is the group of germs of locally defined diffcomorphisms of V that 
fix x. The kernel of each of these maps is again the inflated part of the automorphism 
group. In the case where X is of the form M//G for a finite group G (or more 
generally, when X is an orbifold) the kernel of p x is the same as the kernel of (2), 
for each x. In general, each Ker (p x ) is called an ineffective isotropy group. Unlike 
in the case of a global quotient M//G, these groups need not be isomorphic for 
different points of the stack. However, these kernels may be killed off to obtain the 
so-called effective part of the etale stack. 

There is another way of trying to artificially inflate the automorphism groups, 
and this is through gerbes. As a starting example, if M is a manifold, a gerbe over 
M is a stack over M such that over each point x of M, the stalk & x is equivalent 
to a group. From such a gerbe, one can construct an etale stack which looks just 
like M except each point x, now instead of having a trivial automorphism group, 
has (a group equivalent to) & x as its automorphism group. This construction was 
alluded to in [11]. One can use this construction to show that etale stacks whose 
effective parts are manifolds are the same thing as manifolds equipped with a gerbe. 
In this paper, we show that this result extends to general etale stacks, namely that 
any etale stack X encodes a small gerbe (in the sense of Definition 6.4) over its 
effective part Eff (X), and moreover, every small gerbe over an effective etale stack 
W arises uniquely from some etale stack whose effective part is equivalent to & . 
The construction of an etale stack 2£ out of an effective etale stack & equipped 
with a small gerbe Sf, is precisely the etale realization of the gerbe Sf . In such a 
situation, there is a natural bijection between the points of 3? and the points of 
<3f , the only difference being that points of 2? have more automorphisms. For x a 
point JT, its ineffective isotropy group, i.e. the kernel of 

Aut (x) Diff s (V) , 

is equivalent to the stalk <S X . 

1.2. Organization and main results. Section 2 starts by briefly recalling the 
basic definitions of etale stacks. It is then explained how to associate to any stack a 
canonical topos of small sheaves in a functorial way. In case the stack in question is 
presented by a spatial groupoid G, this topos is equivalent to the classifying topos 
BQ as defined in [19]. It is then shown how the results of [25] imply that etale 
stacks arc faithfully represented by their topos of small sheaves. Following [15], we 
associate to every (atlas for an) etale stack a canonical small site of definition for 
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its topos of small sheaves. We define small stacks to be stacks over this site. We 
then give an abstract description of a generalized etale space construction in this 
setting, which we call the etale realization construction. 

As a demonstration of the abstract machinery developed in this section, we 
also prove a tangential (yet highly interesting) theorem to the effect that, in some 
sense, topological stacks subsume Grothcndicck topoi, once we replace the role of 
topological spaces with that of locales: 

Theorem 1.1. There is a 2- adjunction 

Sh 

'lop < > £oc6t, 

y 

exhibiting the bicategory of topoi (with only invertible 2-cells) as a reflective subbi- 
category of localic stacks (stacks coming from localic groupoids). 

Section 3 aims at giving a concrete description of the abstract construction given 
in section 2. For this, we choose to represent small stacks by groupoid objects 
in the topos of small sheaves. We then show how a generalized action-groupoid 
construction gives us a concrete model for the etale realization of small stacks. As 
a consequence, we prove: 

Theorem 1.2. For any etale topological, differentiable, or localic stack 3£ , there 
is an adjoint- equivalence of 2- categories 

StQT) ±=> Et(ST) , 

L 

between small stacks over X and the 2-category of etale stacks over X via a local 
homeomorphism. 

Here L is the etale realization functor, and T is the "stack of sections" functor. 
We also determine which local homeomorphisms over S£ correspond to sheaves: 

Theorem 1.3. A local homeomorphism f : 3f — > over an etale stack & is 
equivalent to the etale realization of a small sheaf F over J%~ if and only if it is a 
representable map. 

Section 4 provides a concrete model for the "stack of sections" functor T in terms 
of groupoid objects in the topos of small sheaves. 

In section 5, we introduce the concept of an effective etale stack and show how 
to associate to every etale stack SC an effective etale stack Eff which we call 
its effective part. Although this construction is not functorial with respect to all 
maps, we show that it is functorial with respect to any category of open maps which 
is etale invariant (see Definition 2.7). Examples of open etale invariant classes of 
maps include open maps, local homeomorphisms, and submersions. 

The subject of section 6 is the classification of small gcrbes. For 3£ an effective 
etale stack, the answer is quite nice: 

Theorem 1.4. For an effective etale stack 3£ , a local homeomorphism f : Sf — > 
is equivalent to the etale realization of a small gerbe over 3£ if and only if 

Eff (/) : Eff (Sf) — » Eff (<T) ~ %~ 

is an equivalence. 

For a general etale stack, the theorem is as follows: 
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Theorem 1.5. For an Stale stack 36 ' , a local homeomorphism f : §f — > 36 is 
equivalent to the etale realization of a small gerbe over 36 if and only if 

i) Eff (/) : Eff (Sf ) -> Eff (36) ~ 36 is an equivalence, and 

ii) for every space T , the induced functor Sf (T) — > 36 (T) is full. 

We also prove in this section that the etale realization of any small gerbe over 
an etale diffcrentiable stack is, in particular, a differentiable gerbe in the sense of 
[3]. 

In section 7, we introduce the 2-category of gerbed effective etale stacks. The 
objects of this 2-category are effective etale stacks equipped with a small gerbe. 
We then show that when restricting to open etale invariant maps, this 2-category 
is equivalent to etale stacks. In particular, we prove: 

Corollary 1.1. There is an equivalence of 2-categories between gerbed effective 
etale differentiable stacks and submersions, QerBed (<Eff(£t) subm , and the 2-category 
of etale differentiable stacks and submersions, £ff (Bt subm . 
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2. Small Sheaves and Stacks over Etale Stacks 

2.1. Conventions and notations concerning stacks. Throughout this article, 
S shall denote a fixed category whose objects we shall call "spaces" . The category S 
shall always be assumed to be either (sober) topological spaces, smooth manifolds, 
or locales unless otherwise noted. The machinery developed should apply to a larger 
class of spaces, but a more systematic treatment will be given in a subsequent paper. 
We will employ a minimalist definition of smooth manifold in that manifolds will 
neither be assumed paracompact nor Hausdorff. This is done in order to consider 
the etale space (espace etale) of a sheaf over a manifold as a manifold itself. We 
will also sometimes argue point-set theoretically about objects of S, however, in 
all such cases, the arguments can be extended to locales in the usual way. In this 
article, the term (local) homeomorphism will mean (local) di/feomorphism if S is 
the category of manifolds. Similarly, for terms such as continuous. 

Definition 2.1. A topological groupoid is a groupoid object in TOP, the cate- 
gory of topological spaces. Explicitly, it is a diagram 



Qi x So Si 




i 



of topological spaces and continuous maps satisfying the usual axioms. Forgetting 
the topological structure (i.e. applying the forgetful functor from TOP to Set), 
one obtains an ordinary (small) groupoid. Throughout this article, we shall denote 
the source and target maps of a groupoid by s and t respectively. Similarly, a 
localic groupoid is a groupoid object in locales. 

A Lie groupoid is a groupoid object in smooth manifolds such that the source 
and target maps are submersions. 

Topological groupoids, localic groupoids, and Lie groupoids form 2-categories 
with continuous functors as 1-morphisms and continuous natural transformations as 
2-morphisms, respectively. (Recall that when S is smooth manifolds, by continuous, 
we mean smooth.) We will denote any of these 2-category by S — Gpd, and call an 
object thereof an S'-groupoid. 

Remark. Traditionally, Lie groupoids are required to have a Hausdorff object space, 
however, as every manifold is locally Hausdorff, any Lie groupoid in the sense we 
defined is Morita equivalent to one that meets this requirement. (See Definition 
2.8.) 

Consider the 2-category Gpd s ° F of weak presheaves in groupoids over S, that is 
contravariant (possibly weak) 2-functors from the category S into the 2-category of 
(essentially small) groupoids Gpd 1 . 

We recall the 2-Yoneda Lemma: 



Technically speaking, when S is topological spaces or locales, we should restrict ourselves to 
a Grothcndicck universe of such spaces. If S is smooth manifolds, we may avoid this by replacing 
St (S) with stacks on Cartesian manifolds, i.e., manifolds of the form R" , which forms a small site. 
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Lemma 2.1. [8] If C is an object of a category c € and X a weak presheaf in 
Gpcft P , then there is a natural equivalence of groupoids 

Hom Gp ^°P (C, (C) . 

If G is a topological group or a Lie group, then a standard example of a weak 
presheaf is the functor that assigns to each space the category of principal G- 
bundlcs over that space (this category is a groupoid). More generally, let Q be an 
S-groupoid. Then Q determines a weak presheaf on 5* by the rule 

X^Hom S -G P d(pO (id \e) , 

where (X)^ is the S'-groupoid whose object space is X and has only identity 
morphisms. This defines an extended Yoncda 2-functor y : S — Gpd — > Gpd s and 
we have the obvious commutative diagram 

S ^Set s ° P 

S-Gpd >Gpd s °". 

y 

We denote by [Q] the associated stack on S, a o y ((?), where a is the stackification 
2-functor (with respect to the Grothcndicck topology generated by open covers). 
[Q] is called the stack completion of the groupoid Q. 

Remark. There is a notion of principal bundle for topological groupoids and Lie 
groupoids, and \Q\ is in fact the functor that assigns to each space the category of 
principal C?-bundles over that space. 

Definition 2.2. A stack X on TOP is a topological stack if it is equivalent to 
[Q] for some topological groupoid Q. A stack 3£ on Mfd, the category of smooth 
manifolds, is a differentiable stack if it is equivalent to [Q] for some Lie groupoid 
Q. Similarly, one can define a localic stack. 

Definition 2.3. An S'-groupoid Q is etale if its source-map s (and therefore also 
its target map t) is a, local homeomorphism. 

Definition 2.4. A topological, differentiable, or localic stack X is etale if it is 
equivalent to [Q] for some etale S-groupoid Q. 

Definition 2.5. A morphism / : &" — > 3£ of stacks is said to be representable 

if for any map from a space T — > 3£ , the weak 2-pullback Txj f is (equivalent 
to) a space. 

Remark. A morphism ip : X — > W between stacks is an epimorphism if it is 
locally essentially surjective in the following sense: 

For every space X and every morphism / : X — > there exists an open cover 
hi = (Ui ^ X\ of A such that for each i there exists a map fi : Ui — > W, such 
that the following diagram 2-commutes: 
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Ui — ^ 9 

<p 

X — f —> 

In words, this just means any map X — > from a space X locally factors through 
<p up to isomorphism. 

Definition 2.6. An atlas for a stack is a representable epimorphism X — > 
from a space X. 

Remark. A stack & comes from an .S-groupoid if and only if it has an atlas. If 
X — > S£ is an atlas, then 3£ is equivalent to the stack-completion of the groupoid 
X 1 =4 A. Conversely, for any 5-groupoid G, the canonical morphism Go — > [5] 
is an atlas. 

Definition 2.7. Let P be a property of a map of spaces. It is said to be invariant 
under change of base if for all 

/ : Y -J- X 

with property P, if 

g : Z -> X 

is any representable map, the induced map 

Z x x Y -> Z 

also has property P. The property P is said to be invariant under restriction, 

in the topological setting if this holds whenever g is an embedding, and in the 
diffcrentiable setting if and only if this holds whenever g is an open embedding. 
Note that in either case, being invariant under change of base implies being invariant 
under restriction. A property P which is invariant under restriction is said to be 
local on the target if any 

f-Y^X 

for which there exists an open cover (U a — > X) such that the induced map 

]JU a x x Y^]JU a 

a a 

has property P, must also have property P. 

Examples of such properties are being an open map, etale map, proper map, 
closed map etc. 

Proposition 2.1. A stack X over S is etale if and only if it admits an etale atlas 
p : X —> 3C , that is a representable epimorphism which is also etale. 

Proof. This follows from the fact that if Q is any 5-groupoid, the following diagram 
is 2-Cartesian: 

s 

Go ► [G] , 

where the map Go [G] is induced from the canonical map Go G- D 
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Remark. Traditionally speaking, a differentiable stack is a stack J^T equivalent 
to [Q] where Q is a Lie groupoid. This is equivalent to it having an atlas which is 
a representable submersion. 

Definition 2.8. An internal functor ip : H —> Q of S-groupoids is a Morita 
equivalence if the following two properties hold: 

i) (Essentially Surjective) 

The map t o pr\ : Gi Xg Ho —> Go admits local sections, where Gi Xq Ho 
is the fibred product 

Gi y-G Q Ho-^Ho 



pri 



^Go- 



i) (Fully Faithful) The following is a hbered product: 



Hi >G 



(s,t) 



(s,t) 



Ho x Ho Go x Go- 

Two S'-groupoids £ and JC are Morita equivalent if there is a chain of Morita 
equivalences C <— H — > /C. Moreover, C and 1C are Morita equivalent if and only if 

[£) ~ [K] 

Every internal functor H — >• G induces a map [H] — > [G] and the induced functor 
Horn («,0)->- Horn ([«],[£]) 
is full and faithful, but not essentially surjective. However, any morphism 

m -> \G] 

arises from a chain 

H <- K -> a, 

with K. —¥ H & Morita equivalence. In fact, the class of Morita equivalences admits 
a calculus of fractions and topological (differentiable) stacks are equivalent to the 
bicategory of fractions of S'-groupoids with inverted Morita equivalences. For details 
see [25]. 

Definition 2.9. By an etale cover of a space X, we mean a surjective local 
homeomorphism U — > X. In particular, for any open cover (U a ) of X, the canonical 
projection 

]Ju a ^x 

a 

is an etale cover. 

Definition 2.10. Let H be an S-groupoid. If U = U — > Ho is an etale cover of 
Ho, then one can define the Cech-groupoid Hu- Its objects are U and the arrows 
fit in the pullback diagram 
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{ / Hu) 1 >Hi 

(«,t) (s,t) 

U xU >Ho x Ho, 

and the groupoid structure is induced from H. There is a canonical map Tin — > TL 
which is a Morita equivalence. Moreover, 

(3) Hom([W],[g])~ hohm Hom s _ Gprf (H u , Q) , 

UeCov(-H ) 

where the weak 2-colimit above is taken over a suitable 2-category of etale covers. 
For details see [9]. 

Remark. We could restrict to open covers, and a similar statement would be true. 
However, it will become convenient to work with etale covers later. 

Applying equation (3) to the case where [H] is a space X, by the Yoneda Lemma 
we have 

[G](X)~ hohm Rom S - Gp d{Xu,G). 
uecov(x) 

Definition 2.11. Let ^ be a 2-category, and C an object. The slice 2-category 
c £ jC has as objects morphisms ip : D — > C in ff. The morphisms are 2- 
commutative triangles of the form 



D >E 




C, 



with a invertible. A 2-morphism between a pair of morphisms (/, a) and (g, (3) 
going between tp and ip is a 2-morphism in ^ 

w : / => g 

such that the following diagram commutes: 




We end by a standard fact which we will find useful later: 

Proposition 2.2. For any stack X on S , there is a canonical equivalence of 2- 
categories St {S/&) ~ St (S) /SC. 
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The construction is as follows: 

Given W -> 3£ in St (S) consider the stack 

#( T -> X) := Hom st(s)/ (T JT, ^ -> 3T) . 

Given a stack W in St (S 1 / S"), consider it as a fibered category J W — > Sj X . Then 
since S/ 3£ ~ J X (as categories), the composition J — )• J — s- 5 is a category 
fibered in groupoids presenting a stack over S 1 , and since the diagram 




commutes, / 5^ — S- / <3T corresponds to a map of stacks W —> 3£ . 
We leave the rest to the reader. 



2.2. Grothendieck topoi. A concise definition of a Grothendieck topos is as fol- 
lows: 

Definition 2.12. A category £ is a Grothendieck topos if it is a reflective subcat- 
egory of a presheaf category Set^ P for some small category 1^, 



(4) £ < ; Set^° P , 

j* 

with j*Hj*, such that the left-adjoint j* preserves finite limits. From here on in, 
topos will mean Grothendieck topos. 

Remark. It is standard that this definition is equivalent to saying that £ is equiva- 
lent to Shj (^) for some Grothendieck topology J on see for example [17]. 

Definition 2.13. A geometric morphism from a topos £ to a topos J 7 is a an 
adjoint-pair 

/* 
f, 

with /*— I/*, such that /* preserve finite limits. The functor /» is called the direct 
image functor, whereas the functor /* is called the inverse image functor. 

In particular, this implies, somewhat circularly, that equation (4) is an example 
of a geometric morphism. 

Topoi form a 2-category. Their arrows are geometric morphisms. If / and g are 
geometric morphisms from £ to J 7 , a 2-cell 

a-f=>9 

is given by a natural transformation 

=> 9 ■ 

In this paper, we will simply ignore all non-invertible 2-cells to arrive at a (2, 1)- 
catcgory of topoi, Top. 
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2.3. Locales and frames. Our conventions on locales and frames closely follow 
[14]. Recall that the category of frames has as objects complete Heyting algebras, 
which arc complete lattices of a certain kind, and morphism are given by functions 
which preserve finite meets and arbitrary joins. The category of locales is dual to 
that of frames. Locales are generalized spaces and find their home in the domain 
of so-called pointless topology. See for example [12]. 

Definition 2.14. Given a topological space X, we denote its poset of open subsets 
by O {X). The poset O (X) together with intersection and union, forms a complete 
Heyting algebra, hence a locale. 

Notice that a continuous map / : X — > Y induces a map 

0(Y) -> O(X) 

u ^ rHu). 

It is easy to see that this is a map of frames, hence, is a map 

0(f):0(X)^0(Y) 
in the category of locales. This makes O into a functor 

O : TOP -)• Locales. 
In fact, this functor has a right- adjoint 

pt : Locales —> Top. 

The adjoint-pair 0—\pt restricts to an equivalence between sober topological spaces, 
and locales with enough points (both "sober" and "with enough points" have a 
precise mathematical meaning). This result is known as Stone duality. The class 
of sober spaces is quite large in practice. It includes many highly non-Hausdorff 
topological spaces such as the prime spectrum with the Zariski topology, Spec (A) , 
for a commutative ring A. 

Note that the open-cover Grothendieck topology on topological spaces naturally 
extends to locales. We make the following definition: 

2.4. Small sheaves as a Kan-extension. Let Top denote the bicategory of 
Grothendieck topoi, geometric morphisms, and invertible natural transformations, 
as in 2.2. There is a canonical functor 

S -> Top, 

which assigns each space X its topos of sheaves Sh(X). By (weak) left-Kan exten- 
sion, we obtain a 2-adjoint pair Sh— L5^ 

Gpd s °" < = > Top, 

Sh 

where Gpd s ° P denotes the bicategory of weak presheaves in groupoids. In fact, the 
essential image of 5? lies entirely within the bicategory of stacks over S, St (5), 
where S is equipped with the standard "open cover" Grothendieck topology [4]. 
So, by restriction, we obtain an adjoint pair 



(5) 



St(S) < ; Top. 

Sh 
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Definition 2.15. For 3£ a stack over S, we define the topos of small sheaves 

over 3£ to be the topos Sh(SC). 

Remark. Suppose that SC ~ [G] for some S'-groupoid G ■ Then we may consider the 
nerve N (G) as a simplicial S'-object 

Go 1 Gi { Gi ■ ■ • ■ 
By composition with the Yoneda embedding, we obtain a simplicial stack 

yoN(G): A op -> St(S). 

The weak colimit of this diagram is the stack [Q]. Since Sh is a left-adjoint, it 
follows that Sh ([G]) is the weak colimit of the simplicial-topos 

sh (Go) sh (g 1 ) ^= sh (g 2 ) 

From [19], it follows that Sh ([(?]) ~ BG, the classifying topos of Q. We will 
return to a more concrete description of the classifying topos later. 

For the rest of this subsection, we will assume that S is sober topological spaces, 
or locales, unless otherwise noted. 

The adjoint pair Sh.— 15^ restricts to an equivalence between, on one hand, the 
subbicategory of St(5) on which the unit is an equivalence, and, on the other hand, 
the subbicategory of Top on which the co-unit is an equivalence. 

Proposition 2.3. If S£ is an etale stack, then the unit is an equivalence. 

Proof. Let T be a space, then 

J^(Sh( StT))(T) = Hom(Sh(T),Sh(JT)), 

and the latter is the groupoid of geometric morphisms from Sh(T) to BG, where G is 
some groupoid representing S£ . From, [19] this in turn is equivalent to 3t"(T). □ 

Let €t denote the full subbicategory of St(5) consisting of etale stacks. Then, 
since the unit restricted to <£t is an equivalence, Sh restricted to (£t is 2-catcgorically 
fully faithful. We now identify its essential image. 

Definition 2.16. A topos £ is an etendue if there exists a well-supported object 
E £ £ (i.e. E — > 1 is an epimorphism) such that the slice topos £ / E is equivalent 
to Sh(X) for some space X. 

Theorem 2.2. A topos £ is an etendue if and only if £ ~ BG for some etale 
groupoid Q [1]. 

Corollary 2.1. Sh induces an equivalence between the bicategory of etale stacks 
and the bicategory of etendues. 

Remark. This result was original proven in [25]. 

This corollary should be interpreted as evidence that for etale groupoids Q, 
Sh ([(/]) = BG is the correct notion for the topos of sheaves over [Q] since just as 
for spaces, morphisms between etale stacks are the same as geometric morphisms 
between their topoi of sheaves. 

Corollary 2.2. Let 36' ~ [G] and & ~ [H] be two stacks with W etale. Then 

Horn (if, W) ~ Horn (BG, BH) ■ 
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The adjoint pair Sh— LS^ allows us also to prove another interesting result, which 
we shall now do, for completeness. 

Definition 2.17. An S-groupoid Q is etale-complete if the diagram 

Sh(£M; 4+ Sh(5 ) 

■r i- 

Sh(G ) > BQ 

is a (weak) pullback-diagram of topoi, where BQ is the classifying topos of Q, p is 
induced from the inclusion Q Q — > Q, and [i is induced by the obvious action of Q on 
sheaves over Q . For details, see [19]. 

A stack 3£ over S is etale-complete if it is equivalent to [Q] for some etale- 
complete Q. 

Remark. Every etale-groupoid is etale-complete [19]. 

Remark. Proposition 2.3 and its proof remains valid if etalc is replaced with etale- 
complete. 

Let €t£ denote the full subbicatcgory consisting of ctale-complctc stacks. Sh 
restricted to GH£ is also 2-categorically fully faithful. For S sober-topological spaces, 
to the author's knowledge, there is no nice description for the essential image. 
However, for S locales, the answer is quite nice indeed: 

Theorem 2.3. For S locales, Sh induces an equivalence between the bicategory of 
etale-complete stacks and the bicategory Top of topoi. In particular, 

.V : Top -> St (S) 

exhibits Grothendieck topoi as a reflective full subbicategory of stacks on locales. 

Proof. It suffices to show that Sh is essentially surjective. Every topos is equivalent 
to BQ for some localic groupoid Q [14], and hence to Sh for some localic stack 
3C~ over locales. The result now follows from the fact that every localic groupoid Q 
has an etale-complction Q such that BQ ~ BQ [19]. □ 

Corollary 2.3. The adjunction (5) restricts to a adjunction 

Sh 

Top < > £oc6t, 

y 

exhibiting the 2-category of topoi as a reflective subbicategory of localic stacks. 

Remark. In light of the fact that every topos £ with enough points is equivalent to 
BQ for some topological groupoid Q [5], one may be tempted to claim that etale- 
complete topological stacks are equivalent to topoi with enough points. However, 
the proof just given does not work for the topological case as a topological groupoid's 
etale-complction may not be a topological groupoid, but only a groupoid object in 
locales. 

Remark. Most of what has been done in this subsection caries over for smooth 
manifolds if we use ringed-topoi rather than just topoi. In particular, the result 
of Pronk that etale diffcrcntiablc stacks and smooth-etendue are equivalent can be 
proven along these lines. 
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2.5. The classifying topos of a groupoid. 

Definition 2.18. Given an .S'-groupoid H, a (left) "H-space is a space E equipped 
with a moment map \i : E — > Ho and an action map 

p:Ui x no E^E, 

where 

Hi x Ho E >E 

Hi y Ho 

is the fibred product, such that the following conditions hold: 

i) (gh) ■ e = g ■ (h ■ e) whenever e is an element of E and g and h elements of 
"Hi with domains such that the composition makes sense, 

ii) lp(e) • e = e for all e G E 1 , and 

iii) n(g ■ e) =t (g) for all g £ Hi and e G £7. 

A map of %-spaces is simply an cquivariant map, i.e., a map 

(£, M ,p)^(£V,p') 
is map / : (E, fi, ) — > (E' , fx') in S/Hq such that 

f(he) - ft/(e) 
whenever this equation makes sense. 

Remark. This definition extends for localic groupoids in the obvious (diagrammatic) 
way. 

Definition 2.19. An %-space E is an "H-equivariant sheaf if the moment map fi 
is a local homeomorphism. The category of H-equivariant sheaves and equivariant 
maps forms the classifying topos BH of H. 

2.6. The small-site of an etale stack. 

Definition 2.20. Let H be an etale S'-groupoid. Let Site (H) be the following 
category: The objects are the open subsets of Ho- An arrow U — !> V is a section 
cr of the source-map s : Hi — > Ho over U such that t o a : U — > V as a, map in S. 
Composition is by the formula r o <j(x) := r (t (a(x)) . 

There is a canonical functor i : O (Ho) <-» Site (H) which sends an inclusion 
U ^ V in O (Ho) to l\u, where 1 is the unit map of the groupoid, and O is as in 
Definition 2.14. 

This functor induces a Grothendieck pre-topology on Site (H) by declaring cover- 
ing families to be images under i of covering families of O (Ho). The Grothendieck 
site Site (H) equipped with the induced topology is called the small site of the 
groupoid H. 

Remark. Given an etale stack 3£ with an etale atlas X — > S£ , we can describe 
Site (Xxyl=| X) in terms of this stack and atlas. Denote the /S'-groupoid 

by H. Let Site(<ST,X) denote the following category. The objects of are open 
subsets of X — Ho and the arrows are pairs (/, a), such that 
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In other words, it is the full subcategory of St (S) / ' 3£ ~ St (S/ 3£) (Proposition 
2.2) spanned by objects of the form U X — > itT, with [/CI open. We claim 
that this category is canonically equivalent to Site (W) . To see this, suppose a is a 
section of s over U whose image lies in i -1 (V). We can associate to it the map 

a{a):U -> Hi 

x H> it (a;) . 



Then, letting 

/ := t o : U -> V, 
a (ct) : t7 — > Hi is a continuous natural transformation 




"Ho // Ho 

Applying stack-completion, one arrives at an arrow in Site (itT, X) . Conversely, if 
one has a diagram of the form, 




then since the canonical map 

V («) -> [H] 

is object-wise full and faithful, this must correspond to continuous natural transfor- 
mation as in the previous diagram. But such a natural transformation, by definition, 
is a continuous map 

a : U -> Ui 

such that 

s o a = idu 

and 

t o a = f. 

Spelling this out, one arrives at an equivalence of categories. 
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Definition 2.21. Given an object U C Tio of Site('H), the space (U) comes 
equipped with a canonical left H-action along the target map t. Since the target 
map is a local homcomorphism, this %-spacc is in fact an equivariant sheaf. We 
denote it by mjj . 

Extend this to a functor as follows: 
Given a : U — > V in Site (7i), define a map 

/ : s" 1 (U) -> .s- 1 (V) 

by sending 

h 

x — >y 

to 

"W 1 h 
t (<t(x)) > x — > y, 

which is clearly 7^-equi variant. Conversely, given and 'H-cquivariant map 

/ : s~ l (U) -+ s- 1 (V) , 
let a := i o F o l\u , where i denotes the morphism 

T~L\ — y Hi 

which sends an arrow to its inverse. The map a is an object of Site ("H) and it is 
easy to check that this defines a natural bijection 

Hom sitc(w) (U, V) = Homg-H {m v , m v ) . 

Hence we get a full and faithful functor m : Site (H) — > BH. 

Proposition 2.4. The left Kan extension of m along the Yoneda embedding 

y : Site (H) -> Sh((Site {%)) 

is an equivalence between the topos of sheaves for the Grothe.ndie.ck site Site (Ti) , 
and the classifying topos BTi. [15]. 

Definition 2.22. By a small stack over an etale stack X ~ [H], we mean a stack 
3? over Site {%). We denote the 2-category of small stacks over X by St (X). 

Remark. This definition does not depend on the choice of presenting groupoid since, 
if Q is another groupoid such that [Q] ~ X, then 

Sh (Site (g)) ~Bg~BH~Sh (Site (%)) 

and hence St (Site (Q)) ~ St (Site (%)) by the Comparison Lemma for stacks [1]. 
A more intrinsic equivalent definition is that a small stack over X is a stack over 
the topos Sh(X) in the sense of Giraud in [10], that is a stack over Sh(i£") with 
respect to the canonical Grothendieck topology, which in this case is generated by 
jointly epimorphic families. Even better, since we are dealing with etale stacks, in 
light of Corollary 2.1, we may instead work with the bicategory of etendues. Then, 
a small stack over an etendue £ is precisely a stack over £, with its canonical site. 
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2.7. The etale realization of a small stack. Recall that for a sheaf F over a 
space A, the etale space (espace etale) is a space E — > A over X via a local homeo- 
morphism (etale map), such that the sheaf of sections of E — > X is isomorphic to F. 
In fact, the etale space can be constructed for any presheaf, and the corresponding 
sheaf of sections is isomorphic to its shcafification. As a set, E is the disjoint union 
of the stalks of F and the topology is induced by local sections. 
Abstractly, this construction may be carried out as follows: 
Consider the category of open subsets of X, O (X), where the arrows are inclu- 
sions, as in Definition 2.14. This category, equipped with its natural Grothendicck 
topology, is of course the site over which "sheaves over X" are sheaves. There is 
a canonical functor j : O (X) —> S/X which sends an open U C X to U >• X. 
Hence, there is an induced adjunction 

Set° (x) ° P ^7 S/X . 

L 

Here, L takes a presheaf to its etale space and T takes a space T — > X over X to 
its sheaf of sections. The composite r o L is isomorphic to the shcafification functor 
a : Set ^ — > Sh (X), and the image of L lies completely in the subcategory Et (A) 
of S/X spanned by spaces over X via a local homeomorphism. When restricted to 
Sh (X) and Et (A), the adjoint pair L—\ T is an equivalence of categories 

Sh (X) ^7 Et (A) . 

L 

This construction can be done even more topos-theoretically as follows: 
The canonical functor j : O (A) — > S/X produces three adjoint functors 

Sh (X) 3=f Sh (S/X) , 

where the Grothcndieck topology on S/ X is induced from the open cover topology 
on S. For a sheaf F over A, j\ (X) — y(L(F)), where y denotes the Yoncda 
embedding y : S/X ^ Sh (S/X). 
Hence, 

yoL: Sct 0{x) ° P -> Sh (S/X) 
can be identified with the left Kan extension of 

O (A) -A S/X A Sh (S/X) 

along Yoneda. 

We now turn our attention to generalizing this construction to work when both 
A and F are stacks. Let H be an etale groupoid and let SC ~ [H] . In light of the 
remark after Definition 2.20, there is a canonical fully faithful functor 

j H ■ Site (H) -^rS/X 

which sends U C H to U Ho 36 ' . This produces three adjoint functors 

jH.f-b'* 



Gpd SM-H)°» st (S/,T) 

We denote j\ by L and j* by T. 



Sheaf Theory for Etale Geometric Stacks 



21 



More explicitly, j\ is the weak left Kan extension of ju along Yoneda, and 

T(&)(U) = Hom st(s/31 (y (U Ho -> X) , 9) ■ 

Remark. Under the equivalence given in Proposition 2.2, 'W may be viewed as stack 
$ in St (S) together with a map 

/ : <& ^ X. 

From this point of view, T(f : W — > X) assigns an open subset U of Ho the 
groupoid of "sections of / over U" which can be described explicitly as the groupoid 
whose objects are pairs (tr, a) which fit into a 2- commutative diagram 




J7 C > Ho > X, 



and whose morphisms (<r, a) —> (a 1 , a') are 2-cclls 




such that the following diagram commutes: 

ju (U) =^> f o o 

Jo a'. 

Definition 2.23. Let 2f be a weak presheaf in groupoids over Site('H). Then 
L (2f) is the etale realization of J°. 

Proposition 2.5. Let *3f be any stack in St (S/X). Then T (X) is a stack. 

Proof. This is immediate from the fact that satisfies descent. □ 

In fact, we can say more: 

Theorem 2.4. The 2-functor T o L is equivalent to the stackification 2-functor 
a : Gpd Sitc W° P -> St (Site (H)) ~ St(JT). 

Proof. Suppose J° is a weak presheaf in groupoids over Site (H). Then 

r (jo (v) ~ l (JO (v ^ Ho -> X) . 

Let G ( J°) be the weak presheaf in groupoids over S/X given by 
G (J*) ~ holim y(U ^Ho^> X). 

Then TL ( J°) (V) ~ a (G (JT)) (V H ->• where a is stackification. 
Note: 
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G (&) (W Ho -> JT) ~ holim Homstts/y) (y (W ^ Hp -» 3T) , y (U ^ H a ->■ .T)) 

~ holim Hom s/ (W ^ Ho -> t/ ^ % -> 
~ holim Hom Sitc(w) (W, C/) 

holim y (U) | (W) 

5" (wo. 



Given any weak presheaf in groupoids W over a Grothendieck site ("if, J) , we define 
W+ by 



(C) = holim holim 



n w n ^ (^-) ^ n ^ 



(Ci->C)< 

Then a (W) = W +++ (Sec for instance [16], section 6.5.3). Now, 



G ( JQ + {ju (V)) = holim holim 



holim holim 

> < 

(V 4 «->-V) j 

iT+ (V) . 



n g (i„ (Vi)) 4 n g (i« (%)) 4 n « t?* (tw) 



n ^ m 4 n ^ (^) 3 n ^ 



Hence 



TL(3f)(V) ~ a(G(JQ)(y ft -> 

~ (G(iT)) +++ (v ->• 

~ 3f+++ (V) 

* a(3f)(V). 



Corollary 2.4. The adjunction L —\T restricts to an adjunction 



□ 



St(^T) <— > St(5/.T) 
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where L and T denote the restrictions. This furthermore restricts to an adjoint- 
equivalence 

St (&) ±=+ <fss (L) , 

L 

equivalence between St and its essential image under L. 

The first part of this Corollary is clear. In general, a 2-adjunction restricts to 
an equivalence between, on one hand, those objects for which the component of 
the unit is an equivalence, and on the other hand, those objects for which the 
component of the co-unit is an equivalence. Hence, it suffices to prove that the 
essential image of L is the same as the essential image of L. In fact, we will prove 
more, namely: 

Proposition 2.6. Suppose 2f is a weak presheaf of groupoids over Site {%)■ Then 
L(3f)^L(a(^))). 

Proof. Loa and L are both weak colimit preserving and agree on representables. □ 

Remark. If !3£ is equivalent to a space X, then this construction generalizes the 
etale space construction from sheaves over X to stacks over X (in the ordinary 
sense) . In the particular case when the stack over X is a sheaf of sets, then its etale 
realization is its (Yoneda-embedded) etale space. 

3. A Concrete Description of Etale Realization 

The construction given for the etale realization of a small stack over an etale 
stack, as of now, is rather abstract, since it is given as a weak left Kan extension. 
In order to work with this construction, we wish to give a more concrete description 
of it. To accomplish this, it is useful first to have a more concrete hold on how to 
represent these small stacks themselves. 

For a general Grothendieck site ( < ^ p , J) , one way of representing stacks is by 
groupoid objects in sheaves. Given a groupoid object G in Sh(^), it defines a 
strict presheaf of groupoids by assigning an object C of ^ the groupoid 

Hom Gpd(shW) (y (C) ld , g) , 

where y (C) ld is the groupoid object in sheaves with objects y (C) and with only 
identity arrows, where y denotes the Yoneda embedding. This strict presheaf is a 
sheaf of groupoids. In fact, there is an equivalence of 2-categories between groupoid 
objects in sheaves, and sheaves of groupoids. Moreover, every stack on ("if, J) is 
equivalent to the stackification of such a strict presheaf arising from a groupoid 
object in sheaves. For details see Appendix A. 

In our case, we have a nice description of sheaves on Site (H), namely, it is the 
classifying topos BT-L of equivariant sheaves. Hence, we can model small stacks 
over [H] by groupoid objects in "H-equivariant sheaves. In the following subsection, 
we will describe a way to construct from a given groupoid object K. in equivariant 
sheaves, an etale stack over [H] which will turn out to be equivalent to the etale 
realization of the stack over Site (H) associated to AC. 
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3.1. Generalized action groupoids. 

Definition 3.1. Let H be any S'-groupoid and let JC be a groupoid object in TL- 
spaces. In particular we have two %-spaces (/Co, A<o> Po) an d {K,\, fix, px) which are 
the underlying objects and arrows of IC. Note that the source map 

s : (/Ci,/ii,pi) -> (/C ,/Xo,Po) 

and target map 

t : (/Ci,/ii,pi) -> (/C ,/io,Po) 
are maps s, i : (/Ci, fix, ) — J> (/Co, A*o, ) in S/Hq, hence fio o s = fiQ o t = fix- Similarly 
for other structure maps. 

We define an S'-groupoid "H x /C as follows: 

The space of objects of H x /C is ICq. An arrow from x to ?/ is a pair (ft,, fc) 
with h E Hi and fc G /Ci such that k : hx —¥ y (which implicitly means that 
s(h) = fio(x)). We denote such an arrow pictorially as 

h k 
x --■> hx — > y. 

In other words, (TL k /C) 1 is the fibcrcd product Hi y.u fci- 

%i x Wo /Ci P 2 > /Ci 



Hi >H , 

and the source and target maps are given by 

s(h,k) = h^slk) 

and 

t (ft, k) = t (k) . 

We need to define composition. Suppose we have two composable arrows: 

X ---> hx A t(k) --4 ^t(ft) ^ t(k'). 

Notice that fix (k) = fiQ (t(k)) so that ft' can act on k. So we get an arrow 

h'-k: (h'h)x ^ h't(k). 
We define the composition to be 

k' (h r -k] 
h h , V I 

x ---> n. > y. 

In other words 

(ft', k') o (ft, fc) (ft'ft, fc' o (ft' • k)) . 
The unit map /Co — ^ (% k K,) 1 is given by 

And the inverse map is given by 

(Kky 1 := (ft" 1 , ft" 1 • fc" 1 ) . 

Notice that if /C is actually an H-space E considered as a groupoid object with only 
identity morphisms, then H k /C is the usual action groupoid E. Hence, we call 
MkK the generalized action groupoid of /C, or simply the action groupoid. 
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Remark. This construction is known. It appears, for example, in [22] under the 
name semi-direct product. 

Notice that each action groupoid H x K, comes equipped with a canonical mor- 
phism Oic ■ H x /C — > H given by 

(0/c) o = Mo : /C ->■ 'Ho 

and 

(0jc)i = pri : (H X /C) x = Hi X Ko /Ci ^ Hi. 
The following proposition is immediate: 

Proposition 3.1. J/H is etale and K, is in fact a groupoid object in 'H-equivariant 
sheaves, then H x /C is etale and the components of 9/c are local homeomorphisms. 

Remark. Each groupoid object K. in H-spaces has an underlying S'-groupoid jC and 
there is a canonical map : jC — > H k K. given by the identity morphism on /Co 
and on arrows by 

Let (5 — Gpd) /H denote the slice 2-category of S'-groupoids over H. We will 
show that the action groupoid construction 

K, i-> ((H x K,)\ V^j 

extends to a 2-functor 

Hk : Gpd (H - spaces) -> {S - Gpd) /%. 

Suppose tp : /C — > C is a homomorphism of groupoid objects in H-spaccs. Then we 
can define H ix (tp) : H x /C — > H x £ on objects as y>o and on arrows by 

(/i,fc) i-> (h,tp(k)), 

which strictly commutes over H. Finally, for 2-cells, given an internal natural 
transformation 

a : tp tp 

between two homomorphisms 

a is in particular a map of H-spaces a : Kq —¥ C\. It is easily checked that 
(tc) 1 oa:/Co->(WK£)j encodes a 2-cell 

H x (a) : H x {tp) H x , 

where r is as in the remark directly proceeding Proposition 3.1 We leave it to the 
reader to check that this is a strict 2-functor. 

Remark. This restricts to a 2-functor 

UK-.Gpd (BH) -> (S 16 * - Gpd) /H, 

where S et denotes the category whose objects are spaces and arrows are all local 
homeomorphisms . 
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Let us now define a strict 2-functor in the other direction, 
P : (S - Gpd) /H -> Gpd (H - spaces) . 

On objects: 

Let tp : Q — > H be a map of S'-groupoids. Consider the associated principal 
H-bundle over Q. Its total space is Hi x^ Go, where 



I'll 



+ H 



Hi 

is a pullback diagram. Together with its projection pri : Hi Xn Go Go, it is a 
right (?-space with action given by 

(h,x)g := (h(p(g) ,s(g)) . 

We define 

P((p) := (Hi x Hn g Q )xg, 

that is, the right action groupoid of the underlying C?-spacc of the associated princi- 
pal bundle of tp. Since the left H-action and right ^-action on Hi x^ Q commute, 
this becomes a groupoid object in H-spaces. Explicitly, the objects of P (ip) are 
Hi Xf{ Go equipped with the obvious left H-action along s o pri given by 

h'(h,x) = (h'h,x). 

The arrows are the fibered product 

Hi x Ho g 1 J^g 1 



ipoot 



+ Hn 



Hi 

equipped with an analogously defined left H-action along s o pr\ . The source and 
target maps are defined by 

s(h,g) = (h(p(g),s(g)) , 

and 

t(h,g) = (h,t(g)). 

Composition and units are defined in the obvious way. 
The following proposition is immediate: 

Proposition 3.2. // H is etale and ipo is a local homeomprhism (which implies 
that so is <fii), then P (ip) is a groupoid object in B%. 

We will now define P on arrows: 
Suppose we are given an arrow 

/ v \ / v 
(J, a) :(g\U\^{C\H 

We wish now to define an internal functor P ((/, a)). On objects define it by: 
P((f,a))(h,x) = (ha(xr\f(x)). 



Sheaf Theory for Etale Geometric Stacks 



27 



On arrows define it by 

P ((/, a)) (h, g) = (htp{g)a {s{g)y 1 j> (/(g))- 1 , f(g) 

It is routine to verify that this defines an internal functor. 
We now define P on 2-cells: 

Suppose we are given a 2-cell ui : (/, a) (/', a') between two maps 

•p \ ( M> 

g\H) -> [c\n 



Define an internal natural transformation 

P ( W ) : P ((/, a)) ^P ((/>')) 

by 

P (w) (/i, i) = (/mx(x), w(x)) . 
We leave it to the reader to check that P is indeed a strict 2-functor. 

Lemma 3.1. There exists a natural transformation s : HxP => id(s-Gpd)/'H whose 
components are equivalences. 

Proof. Given tp : Q — > H, consider the left- action of H x Q on 

u x x no g = p(v) 



along 
defined by 

Consider 



(h, x) h-> (t (h) , x) 



(l,g)-(h,x) := (llvpig)- 1 ,^)) 



9p( v ) :(Hxg)K {Hi x Ho g Q ) ->(HxG) 
where 8p( v ) is the canonical morphism. 

By direct inspection, we see that H x P {tp) is canonically isomorphic to 

dp( v ) : = P r i ° 8p{<p)- 

Consider the map 



e 



pr 2 o P(v) : (H x 5) k (Hi x Ho 0„) ->- 5. 



Let £ v : Hi x% C/ ~^ %i be the obvious projection map. Then ^ v is a natural 
isomorphism from ipoe^ to Op( v y Hence (e v , C^ 1 ) is a morphism in (5 — Gpd) /H 
from 0p( v ) to tp. It is easy to check that 

£ : H x Po =>■ id {s _ Gpd)/H 

defined by 

e(^) = (e^" 1 ) , 

is a strict natural transformations of 2-functors. It remains to see that its compo- 
nents consist of equivalences. 

Define x-p ■ Q -> (H x Q) x {Hi x Ho Q ) on objects by 

X v {x) = (t ¥ ( x ),x) , 

and on arrows by 

x v (g) = ((i V ( S ( 9 )),s(g)) ,(<p{g),g)) ■ 
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Then 

£ip ° X v = ids- 
Note that @p( v ) ° X<p = <P so that x<p is a morphism in (S — Gpd) /%. 
Define 

K ■ Ui y. Ua G^(Hxg)K (Hi x no g ) 1 

by 

K (h, x) = ((1^,(3,), x) , (h, t x )) . 
Then \ v encodes a 2-cell iduxPUp) =** £ v ^ 
Corollary 3.1. The 2-functors 

Hf< :Gpd{H- spaces) ->• (S 1 - Gpd) /H 

and 

Hi* : Gpd(BH) -> (S et - Gpd) 
are bicategorically essentially surjective. 

3.2. Action groupoids are etale realizations. Let % be an etale groupoid and 
X its associated etale stack, [H] . Let 

F : (S et - Gpd) /"H -> St (S) / 
be the 2-functor which sends a groupoid <p : Q — > H over % to 

M : [0] -> [«] - 
Consider furthermore the canonical 2-functor 

[■] Bn :Gpd (BH) -> St (Site («)) 
which associates a groupoid object /C in in B% with its stack completion. 

Theorem 3.2. The 2-functor [•]«•« is essentially surjective and faithful (but not 
in general full), and the 2-functors L o [ • and FoHk are equivalent. 

The proof of this theorem is quite involved, so it is delayed to Appendix B. 

Remark. In particular, this implies that if if is a small stack over 3£ represented 
by a groupoid object K. in BV., then L ( J°) ~7(WkK). 

Definition 3.2. A morphism W — > 3£ of etale stacks is said to be a local home- 

omorphism if it can be represented by a map tp : Q — > TL of S-groupoids such 
that ipo (and hence ipi) is a local homeomorphisms of spaces. Denote the full sub- 
2-category of St (S) j 3£ spanned by local homeomorphisms over S£ by Et 

In light of Theorem 3.2 and Proposition 2.6, the essential image of L is precisely 
the local homeomorphisms over X '. Moreover, with Corollary 2.4, this implies: 

Corollary 3.2. 

StQT) Et{ST) , 

L 

is an adjoint-equivalence between St and local homeomorphisms over 3C . 
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Remark. Note that there is a small error on the top of page 44 of [18]; the construc- 
tion Pi, which assigns a stack 3f over a space X an etale groupoid over X via a 
local homcomorphism, is not functorial with respect to all maps of stacks. It is only 
functorial with respect to strict natural transformations of stacks, but in general, 
one must consider also pseudo-natural transformations. The above corollary may 
be seen as a corrected version of this construction, in the case that X is a space 
X. Note that this error also makes Theorem 94 of [18] incorrect. The corrected 
version of Theorem 94 is explained in section 7 of this paper. 

3.3. The inverse image functor. Suppose / : W — > X 'is a morphism of etale 
stacks. This induces a geometric morphism of 2-topoi St (W) — > St(X), where 
by this we mean a pair of adjoint 2-functors /*H/*, such that /* preserves finite 
(weak) limits [16]. To see this, note that there is a canonical trifunctor 

Top ->• 2 - Top, 

from topoi to 2-topoi, which sends a topos £ to the 2-topos of stacks over £ with 
the canonical topology. Since, 

Sh : St (S) -> Top 
is a 2-functor, so we get an induced geometric morphism 

Sh(/) : Sh(^) ^Sh(JT), 
which in turn gives rise to a geometric morphism 

st (/) : st (y) -> st(x), 

after applying the trifunctor Top — > 2 — Top. We denote the direct and inverse 
image 2-functors by /» and /*. 

We also get an induced geometric morphism between the 2-topoi of large stacks, 

St(/) : St(S/&) -> St(S/X). 

This arises as the adjoint pair of slice 2-categories 

St(S)/^<=>St(S)/ t r , 
f, 

induced by /. The inverse image 2-functor /* is given by pullbacks: 

If & -> X 'is in St (S) 1%, then /* (3T —> X) is given by <3f x x 2? -> W. 

Theorem 3.3. The following diagram 2-commutes: 

St (X) — ^ St (S) IX 

r r 

St (&) St (S) 19, 

where L is as in Corollary 2-4- 

Proof. As both composites /* o L and L o /* are weak colimit preserving, it suffices 
to show that they agree on represcntables. We fix an etale S'-groupoid H such that 
[H] — X and choose a particular Q such that 
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and / = [ip] with cp : Q — > T-L an internal functor. Choose a representable sheaf 
mu G BT~L. From [19], for any equivariant sheaf 

ip* (E) as a sheaf over Qo is given by 
and has the C/-action 

g ■ (x, e) = (t (g) , <p (g) ■ e) . 
Hence L (f*m u ) is given by Y (Q x (Q$ x Wo s _1 (t/))) . Explicitly, the arrows may 
be described by pairs (g,h) € Q\ x s _1 (J7) such that 

s(p (g) =t(h). 

The other composite, 

f*L (raj 

is given by 

Since the extended Yoneda 2-functor preserves all weak limits, and stackification 
preserves finite ones, this pullback may be computed in S*-groupoids. Its objects 
are triples 

(z,h,a) e g x s" 1 (17) x Hi 

such that 

<Po (z) -^t(h). 

Its arrows are quadruples 

{g, h, ti, a) e 5i x Hi x s" 1 ([/) x Hi 

such that 

« (<£ (.9)) = s (a) 

and 

t(a) = s(h')=t(h). 

Such a quadruple is an arrow from (s(g),h, a) to (t(g) ,h'h,h'aip{g)~ 1 ^ . The 
projections are defined by 



pri : Q x„ (H k s" 1 (17)) 
(g,h',h,a) ^ g 



and 



pr 2 : x« (H x s- 1 (17)) 
(z, h, a) 
(g,h',h,a) 



1 ^ 



H X s- 1 (IT) 
ft 

(/>',/*)• 



We now define an internal functor 

c : q y-u (n k .s- 1 (c/)) -> a x (e x„ s - x (c/)) 
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on objects by 

(z, h, a) i — ^ (z,a _1 /i) 

and on arrows by 

(g, h! , h, a) i— > (g, . 
We define another internal functor 

ip : G <x (Go x Ho s- 1 (17)) -> x« (W k s" 1 (CO) 

on objects as 

(z,h) h-» (2, l^ft -1 ) 

and on arrows as 

Note that ip is a left inverse for We define an internal natural isomorphism 

uj : ipo( idg Xn (UKs-i(u)) 

by 

OJ (z, h, a) = (l z , h~ , h, a) : (z, h, a) — > (2, l s (/j), h~ aj = ip( (z, h, a) . 
As both £ and ip commute strictly over G, this establishes our claim. □ 
Definition 3.3. For a small stack over an etale stack JT, and 

x : * -> 

a point of the stalk of ^ at s is the groupoid £* (Jf) , where we have made 
the identification St (*) ~ Gpd. We denote this stalk by 3? x . 

As we have just seen, this stalk may be computed as the fiber of 

L (2T) -> 

over x, i.e. the weak pullback * x^r Z (,2f) , which is a constant stack with value 
x* This stalk can also be computed analogously to stalks of sheaves: 

Lemma 3.4. Let x G A be a point of a space, and let 3f be a small stack over A. 
Then the stalk at x of 3f can be computed by 

2? x ~ holim JT (U) , 

xeu 

where the weak colimit is taken over the open neighborhoods of x regarded as a full 
subcategory of O (X) . 

Proof. The 2-functor 

St (A) -> Gpd 

2? i-> holim 3T(U), 

x£U 

is clearly weak colimit preserving. If 3? = V C X is a representable sheaf, i.e., an 
open subset of A, then 

T x ~ holim Horn (U, V) ~ hrn Horn (U, V) , 
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and the latter expression is equivalent to the singleton set if x G V and the empty set 
otherwise. This set is the same as the fiber of V over x, i.e. the stalk V x = x* (V) . 
So 

X h- holim X (U) 

xeu 

is weak colimit preserving and agrees with x* on representables, hence is equivalent 
to a;*. □ 

Corollary 3.3. Let x : * — > X be a point of an etale stack X ~ [H] , with H an 
etale groupoid. Pick a point x € "Ho such that x = p o x where 

p:Ho^ X 

is i/ie atZas associated to H. Let X be a small stack over X . Then the stalk at x 
of X can be computed by 

X x ~ holim X (U) , 

xeU 

where the weak colimit is taken over the open neighborhoods of x in T-Lq regarded as 
a full subcategory of O (Ho) • 

Proof. Since x = p o x, it follows that 

Sh (x) ~ Sh {p) o Sh (2) : Sh (*) -> Sh ( X) , 

and hence 

x* ~ a** o p*. 
By definition, for {/ an open subset of Ho, 

p*(iF) (IT) ~&(U). 

Hence, 



~ x*(p*X) 

~ holim (p*&)(U) 
xeu 

~ holim JT (U) . 

5Gf7 

□ 

3.4. A classification of sheaves. From Corollary 3.2, we know that the for an 
etale stack X, the 2-category of local homeomorphisms over X is equivalent to the 
2-category of small stacks over X. A natural question is which objects in Et (X) 
are actually sheaves over X, as opposed to stacks, i.e., what are the O-truncated 
objects? 

Theorem 3.5. A local homeomorphism f : X X over an etale stack X is a 
equivalent to L (F) for a small sheaf F over X if and only if it is a representable 
map. 



Sheaf Theory for Etale Geometric Stacks 



Proof. Suppose F is a small sheaf over 56 ~ [H] with H an etale ^-groupoid. 
Denote by 

L (F) -» X 
the map L (F). We wish to show that 

L (F) -> 

is representable. It suffices to show that the 2-pullback 

% x^L(F) >L(F) , 



rto r 

is (equivalent to) a space, where a : Ho 56 is the atlas associated to 7i. By 
Theorem 3.3, this pullback is equivalent to the total space of the etale space of 
the sheaf a* (F) over Hq. Conversely, suppose 2f — > 56 is a representable local 
homeomorphism equivalent to L(W) for some small stack W . Then the pullback 

is equivalent to a space. This implies that a* (W) is a sheaf of sets over Hq. By 
definition a* (W) assigns to each open subset U of Ho the groupoid W (mjj)- It 
follows that W must be a sheaf. □ 

Corollary 3.4. For an etale stack 36 ' , the category of small sheaves over 56 is 
equivalent to the 2-category of representable local homeomorphisms over 56 ' . 

Remark. This implies that the 2-category of representable local homeomorphisms 
over 56 is equivalent to its 1-truncation. 

Remark. This gives a purely intrinsic definition of the topos of sheaves Sh( 56 ). In 
particular, a posteriori, we could define a small stack over 56 to be a stack over 
this topos. We note for completeness that a site of definition of this topos is the 
category of local homeomorphisms T — > 56 from T a space, with the induced open 
cover topology. This is equivalent to the category of principal ^-bundles whose 
moment map is a local homeomorphism. 

4. A Groupoid Description of the Stack of Sections 

Now that we have a concrete description of L in terms of groupoids, it is natural 
to desire a similar description for T (where L and T are as in Corollary 2.4). 

Lemma 4.1. Suppose that ip : T — > % is a local homeomorphism from a space T, 
with % an etale groupoid. Then T ([if]) is the equivariant sheaf P (ip) 6 B%, where 
P is as in Section 3.1. 

Proof. Let m\j be a representable sheaf in BH. Then 



r([<p])(U) ~ Bam(L(mu),[<P]) 

~ Hom([HK S - 1 ((7)] ,M) 
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Since T is a sheaf, the later is in turn equivalent to 

Hom Gpd/w (H x s- 1 (U) , tp) . 

This follows from the canonical equivalence 

Horn (y (% k s- 1 ([/)) , T) ~ Horn ( [% x s" 1 (C/)] , T) . 

In fact, this is a set, since T has no arrows, so there are no natural transformations. 
An element of this set is the data of a groupoid homomorphism 

tp :Hx s _1 (U) -> T 

together with an internal natural transformation 

P : 9 mu => tp o tp. 

To ease notation, let a := . Since T is a space, tpi is determined by tp Q by the 
formula 

^1 ((h, 7)) = V'o (7) = "00 (%) • 
Notice that this also imposes conditions on tpo, namely that it is constant on orbits. 
The internal natural transformation is a map of spaces 

a : s' 1 (U) -)• Hi 

such that for all 7 e ,s _1 (U) , 

a (7) : v?Vo (7) -> * (7) • 
Because of the constraints on tp, the naturality condition is equivalent to 

a (/17) = ha (7) . 

This data defines a map 

mu -> P {if) 

by 

7 !-> («(7) ,V>o (7)) • 

Conversely, any map / : my — > P (ip) defines a morphism 

/ : H X s- 1 ([/) -> T 

on objects by pr 2 o / (and hence determines it on arrows), and since / is H- 
equivariant, and the 7^-action on Hi Xji T does not affect T, this map is constant 
on orbits. The map / induces an internal natural transformation 

af.ipof^ e mu 

by af = pri o /. This establishes a bijection 

Hom Gpd/w (TL k s _1 ([/) , tp) = Hom BW (ma, P (ip)) ■ 

Hence 

r(M)(C/)~Hom BW ( mu ,P(<p)), 
so we are done by the Yoncda Lemma. □ 

Theorem 4.2. Suppose that tp : Q — > % is a homomorphism of etale S-groupoids 
with ipo a local homeomorphism. Then T ([<p]) is equivalent to the stack associated 
to the groupoid object P (ip) in BT~L. 
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Proof. Let a : Go —> [G] denote the atlas of the stack [Q]. There is a canonical map 

p:f (Moa)^f (M), 

and since a is an epimorphism, it follows that p is an cpimorphism as well. Since p 
is an epimorphism from a sheaf to a stack, it follows that 

f ([<p] o a) Xf ([,?]) f ([93] oo)=|f (M o a) , 

is a groupoid object in sheaves (i.e. the classifying topos BH) whose stackification 
is equivalent to r([ip]). We will show that this groupoid is isomorphic to P(<p). 
This isomorphism is clear on objects from the previous lemma. 
Since pullbacks are computed object-wise, as a sheaf, 

f([<p] oa) Xr ([ip]) f([(p\ oa) 

assigns U £ Site (H) the pullback groupoid 

f (Moo) (CO Xffl^fMoo) (CO, 

which is indeed (equivalent to) a set. It is the set of pairs of objects in T ([ip] o a) (U) 
together with a morphism in T ([</?]) (U) between their images under p (U). 
Since for all 5-groupoids, the induced map 

Horn (£, K) -> Hom([£] , [K,]) 

is full and faithful, we may describe this set in terms of maps of groupoids. It has 
the following description: 

An element of T ([(p\ o a) (U) Xr([ v ])(u) ? ([<p] a) (U) , can be represented by two 
pairs (<7o, cto) an d {o~\, a\) , such that for i = 0, 1, 

H X s- 1 (17) g a 




where 5, : Go ~ * G is the obvious map such that [a] = a, together with a 2-cell 

/3 : a o (To => 5 o o\ , 
such that the following diagram commutes: 
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Each pair (<7j,ai) represents 




i.e. the element ([<jj] , [a;]) of the set T ([p] o a) (U) . The groupoid structure on 

f ([<p] o a) x f(M) f ([ip] oa)=|f ([<p] o a) , 
is such that the data 

((cr ,ao) , (<7i,ai),j8) 

is an arrow from ([oo] , [«o]) to ([(To] , [«o]) • 

Recall that the arrows of P (ip) are the equivariant sheaf described as the fibered 
product 



f>o°t 



Hi > Ho, 

equipped with the left H-action along s o pr\ given by 

h ■ (l,g) = (hj 7 g) , 
and that the source and target maps are given by 

s(h,g) = (hip (g) , s (g)) , 

and 

t(h,g) = (h,t(g)). 
Viewing the arrows of P (p) as a sheaf, they assign U the set 



Eom(mu,P (p)^ 



Let 



n(U):f ([tp] o a) (U) x f {[lp]){u) f ([<p] o a) (U) -> Horn (m,, P (p) x ) 
be the map that sends 

C := (Oo,ao) , ((T!,ai),P) 

to the morphism 

9(C) :mu -> HiXnoQi 

7 i-> (qi (7) ,/3(7)) . 



It is easy to check that this morphism is H-cqui variant, hence is a map in BT-L. We 
will show that under the identification 

f(^oa) (U) ^ P(poh) (U) = Uom(mu,P(pod)) , 
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ir (U) respects source and targets. Indeed, suppose we start with a triple 

C : = (0o,«o) , (o"i,ai) . 
By Lemma 4.1, each (<7j,aj) corresponds to an element of 

f (Moo) (co, 

which in turn corresponds to a morphism 

mu = s- 1 (U) -> Hi x Ho T 

7 H- (a, (7) ,(7, (7)) 

(7) 

in BTL. Now 7r (U) (£) is a map from doir (U) (C) to diir (U) (£) , where we have used 
simplicial notation for the source and target. For each i, we have a map 

t(£/)(C) d . 
tic/ ► Hi x-h y x — > Hi x n „ g , 

which we may interpret as an element of 

P(<p) (U)=P(<poa)(U). 

From equation (7) and the definition of the source and target map, it follows that 

sw(U)(Q = 7->*(ai( 7 ),j8(7)) 

= 7 >-)• (aupp (7) , a0 (7)) 

= 7 ^ ("o (7) ,oo (7)) , 



and 

t7r(C/)(C) = 7->*(ai(7),|8(7)) 

= 7 ^ (<*i (7)^/3 (7)) 

= 7 >->• (ai (7) , <Ti (7)) . 



Hence ir (U) respects the source and target. We will now show it is an isomorphism. 
Suppose we are given an arbitrary equivariant map 

9 :mu ->• Hi x-h Q x . 

Denote its components by 

Since 9 is H-equivariant, it follows that h is H-equivariant and g is H-invariant. 
Now 

so9:m u -> P(<p) 

sO(i) = (h (7) <p{g (7)), s(g( 7 ))) 
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and 

t o 6 : m u -> P (tp) 

te(-y) = (/»(7),*(fl(7)))- 

Each of these maps correspond to an element in 

p( v )„(tO = f (Moo) (to- 

By Lemma 4.1, we know that s o 9 corresponds to the morphism of groupoids 
s7e -.Uks- 1 (U) = s- 1 (U) -> g 

given on objects as 

7 s{g(i)) , 

together with a 2-cell 

a s e : [y>] o a o s o =>• 9 mu , 

given by 

a s g = pr\ o s o 0. 

Explicitly we have: 

a sd (7) = h (7) (p (g (7)) . 
Similarly, we know that f o corresponds to the morphism 

uTe-.Htx s- 1 (U) = s- 1 (U) —¥ Go 

given on objects as 

i^t(g (7)) . 

together with a 2-cell 

ate ■ [ip]oaoto6 ^ 6 mu , 

given by 

a t e = pri ° t o 9, 

and we have: 

ate (7) = h (7) . 

The map 

13(6) :=pr 2 o9:s~ 1 {U)^Gi 
which assigns 7 1— > g (7) encodes a natural transformation 

(3 (9) : f^9 => sTfl. 

Moreover, we have that 

atefHl) = h( 1 )oip(g( 1 )) 
= as9 (7) , 



which implies the diagram (6) commutes. 
Define a map 

3 (U) : Horn ( mu ,P (<p\) -> f ([93] o a) ([/) x r(M)(t/) f ([93] o a) ([/) 
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which assigns the morphism : mjj — > P (ip) 1 the triple 

((s~^0,a s0 ) , (uTe,a t e) ,0(0)) . 

This map is clearly inverse to tt. We leave it to the reader to check that ir (U) 
respects composition. It then follows that the groupoids in sheaves 

f ([<p] oa) x r(M) f ([<p] oa) 

and P ((/?) are isomorphic. □ 



5. Effective Stacks 

5.1. Basic definitions. In this section, we recall a special class of etale stacks, 
called effective etale stacks. This is a summary of results well known in the groupoid 
literature, expressed in a more stack-oriented language. We claim no originality for 
the ideas. We start with defining effectiveness for orbifolds, as this definition is 
more intuitive. This will also make the general definition for an arbitrary etale 
stack more clear. 

Remark. For the rest of the paper, we shall assume that the category S of spaces 
is either manifolds or topological spaces, as it will be convenient to work point-set 
theoretically in many of the following proofs. The results proven do hold for locales 
as well, once phrased in a point-free way, but require a different proof. 

Definition 5.1. A diffcrcntiable stack SE is called an differentiable orbifold if 

it is etale and the diagonal map A : 3E — > 3E x SE is proper. If SE is instead a 
topological stack, we call 3E a topological orbifold. To simplify things, we will 
refer to differentiable orbifolds and topological orbifolds, simply as orbifolds. 

Remark. We should explain what we mean in saying that the diagonal map is 
proper. In the differentiable setting, this map is not representable, even for mani- 
folds. We say that a map of / : SE — > 2f between differentiable stacks is proper if 
and only if for any representable map M — > 3? from a manifold, the induced map 
M x a° SE — s-Misa proper map of manifolds. Equivalently, as properness is a topo- 
logical property, and the diagonal map of any topological stack is representable [24] , 
(and proper maps are invariant under restriction and local on the target) stating 
that the diagonal of a differentiable stack is proper in the above sense is equivalent 
to saying that the diagonal of the underlying topological stack is a representable 
proper map. Yet another characterization is viewing SE and SE x SE as etendue 
and asking the map to be a proper map of topoi in the sense of [13]. 

Definition 5.2. An S-groupoid is an orbifold groupoid if it is etale and proper, 
i.e. the map 

(s,t) : Hi -> Ho x Ho 

is proper. 

Proposition 5.1. 3& is an orbifold if and only if there exists an orbifold groupoid 
H such that SC ~ [H]. 
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Proof. For any etale % such that [H] ~ 3P , 

T~L\ 1 2£ 

(s,t) A 

T~Lq x 7^o — — ^ ^ x ^* 
is a weak pullback diagram, where a : Hq — > 2£ is the atlas associated to H. □ 
Recall the following definition: 

Definition 5.3. If G is a 5-group acting on a space X, the action is effective 

(or faithful), if |~| G x — e, i.e., for all non-identity elements g 6 G, there exists a 

point x £ X such that g ■ x =/= x. Equivalently, the induced homomorphism 

p:G^Diff (X) , 

where Diff (X) is the group of diffcomorphisms (homeomorphisms) of X is a monomor- 
phism. (These two definitions arc equivalence since 

Ker{p) = p| G x = e.) 
xex 

If p above has a non-trivial kernel K, then there is an inclusion of K into each 
isotropy group of the action, or equivalently into each automorphism group of the 
quotient stack (the stack associated to the action groupoid). In this case K is 
"tagged-along" as extra data in each automorphism group. Each of these copies of 
K is the kernel of the induced homomorphism 

(p) x '■ Aut ([x]) — > Diff (M) x , 

where Diff (M) is the group of diffcomorphisms of M which fix x. In the differ- 
entiable setting, when G is finite, these kernel are called the ineffective isotropy 
groups of the associated etale stack. In this case, the effective part of this stack is 
the stacky-quotient of X by the induced action of G/K. This latter stack has only 
trivial ineffective isotropy groups. 

Remark. If G is not finite, this notion of ineffective isotropy group may not agree 
with Definition 5.5, since non-identity elements can induce the germ of the identity 
around a point. It the topological setting, this problem can occur even when G is 
finite. 

Proposition 5.2. Suppose X is an orbifold and x : * — > 3£ is a point. Then there 
exists a local homeomorphism p : V x — > 3£ from a space V x such that: 

i) the point x factors (up to isomorphism) as * V x — — > 3£ 

ii) the automorphism group Aut (x) acts on V x . 

Proof. The crux of this proof comes from [26]. Recall that for a point a; of a 
topological or differentiable stack Jt", Aut (x) fits into the 2-Cartesian diagram [24] 

Aut (x) > * 



X 
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and is a group object in spaces. If X ~ [W] for an S-groupoid W, there is a point 
x G Wo such that x = a o x, where a : Wo — > is the atlas associated to the 
groupoid W, and moreover, W x = Aut(x), where W x = s _1 (x) PI i" 1 (x) is the 
S'-group of automorphisms of x. (In particular, this implies that if X is etale, then 
Aut (x) is discrete for all x.) Suppose now that i?T and W are etale. Then for each 
h G W x , there exists an open neighborhood Uh such that the two maps 

s : U h -> s (U h ) 

t:U h ->t (U h ) 

are homcomorphisms. Now, suppose that % is in fact an orbifold (so that W is an 
orbifold groupoid). Then, it follows that W x is finite. Given / and g in % Xl we can 
find a small enough neighborhood W of x in Ho such that for all z in W, 

to S - 1 \ Ug (z)es(U f ), 

tos- 1 ^ (to 3-%, («)) G W, 

and 

(8) s- 1 \ Ug (z)-s- 1 \ Uf (z)eU gf . 

In this case, by plugging in z = x in (8), we see that (8) as a function of z must be 
the same as 

Therefore, on W, the following equation holds 

(9) tos- 1 \ Ug (to S - 1 \ Uf (z))=to S - 1 \ Ugf . 

Since T-L x is finite, we may shrink W so that equation (9) holds for all composable 
arrows in T-L x . Let 

V x := p| (tos-^iW)). 

Then, for all h G h x , 

to S -% h {V x ) = V x . 

So to s~ 1 \u h is a homeomorphism from V x to itself for all x, and since equation (9) 
holds, this determines an action of W x = Aut (x) on V x . Finally, define p to be the 
atlas a composed with the inclusion V x Wo □ 

Definition 5.4. An orbifold X is an effective orbifold, if the actions of Aut (x) 
on V x as in the previous lemma can be chosen to be effective. 

The finiteness of the stabilizer groups played a crucial role in the proof of Propo- 
sition 5.2. Without this finiteness, one cannot arrange (in general) for even a single 
arrow in an etale groupoid to induce a self-diffeomorphism of an open subset of the 
object space. Additionally, even if each arrow had such an action, there is no guar- 
antee that the (infinite) intersection running over all arrows in the stabilizing group 
of these neighborhoods will be open. Hence, for a general etale groupoid, the best 
we can get is a germ of a locally defined diffcomorphism. It is using these germs 
that we shall extend the definition of effectiveness to arbitrary etale groupoids and 
stacks. 

Given a space X and a point x G X, let Diff x (X) denote the group of germs 
of (locally defined) diffeomorphisms (homcomorphisms if A is a topological space) 
that fix x. 
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Proposition 5.3. Let 3£ be an etale stack and pick an etale atlas 

V — s- 3£ . 

Then for each point x : * — > 3^ , 

i) the point x factors (up to isomorphism) as * V — 3£ , and 

ii) there is a canonical homomorphism Aut (x) — > Diff 2 (V). 

Proof. Following the proof of Proposition 5.2, let V = Ho and let the homomor- 
phism send each h G TL X to the germ of t o s~ 1 \u h , which is a locally defined 
diffcomorphism of V fixing i. □ 

Corollary 5.1. For 7i an etale S-groupoid, for each x € Ho, there exists a canon- 
ical homomorphism of groups H x — > Diff x (Ho)- 

Definition 5.5. Let x be a point of an etale stack X . The ineffective isotropy 

group of x is the kernel of the induced homomorphism 

Aut (x)^ Diff S (V). 
Similarly for H an etale groupoid. 

Definition 5.6. An etale stack i?T is effective if the ineffective isotropy group of 
each of its points is trivial. Similarly for H, an etale groupoid. 

Proposition 5.4. An orbifold 3£ is an effective orbifold if and only if it is effective 
when considered as an etale stack. 

Proof. This follows from [22], Lemma 2.11. □ 

Definition 5.7. Let X be a space. Consider the presheaf 

Emb :0(X) op -> Set, 

which assigns an open subset U the set of embeddings of U into X . Denote by 
,3>f {X) 1 the total space of the etale space of the associated sheaf. Denote the map 
to X by s. The stalk at x is the set of germs of locally defined diffcomorphisms 
(which no longer need to fix x). If germ x (/) is one such germ, the element / (x) G X 
is well-defined. We assemble this into a map 

t :Jf(X) 1 -4 X. 

This extends to a natural structure of an etale S-groupoid Jff (X) with objects X, 
called the Haefiiger groupoid of X. 

Remark. In literature, the Haefiiger groupoid is usually denoted by F (X), but, we 
wish to avoid the clash of notation with the stack of sections 2-functor. 

Proposition 5.5. For % an etale S-groupoid, there is a canonical map 

Proof. For each h £ Hi, choose a neighborhood U such that s and t restrict to 
embeddings. Then h induces a homcomorphism 

s{h) G s(U) -+t{U) 3t{h), 

namely tos~ l \u- Define lu by having it be the identity on objects and having it 
send an arrow h to the germ at s (h) of to,s _1 |[/. This germ clearly does not depend 
on the choice of U. □ 
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The following proposition is immediate: 
Proposition 5.6. An Stale S-groupoid H is effective if and only if In is faithful. 

Definition 5.8. Let TL be an etale S-groupoid. The effective part of H is the 

image in J^f (Tio) of l-u- ft is denoted by Eff ("H). This is an open subgroupoid, so 
it is clearly effective and etale. We will denote the canonical map H — > Eff % by 

Remark. % is effective if and only if t% is an isomorphism. 

5.2. Etale invariance. Unfortunately, the assignment H h-> Eff {%) is not func- 
torial with respect to all maps, that is, a morphism of etale S-groupoids need not 
induce a morphism between their effective parts. However, there are classes of maps 
for which this assignment is indeed functorial. In this subsection, we shall explore 
this functoriality. 

Definition 5.9. Let P be a property of a map of spaces which forms a subcategory 
of S. We say that P is etale invariant if the following two properties are satisfied: 

i) P is stable under pre-composition with local homeomorphisms 

ii) P is stable under pullbacks along local homeomorphisms. 

If in addition, every morphism in P is open, we say that P is a class of open etale 
invariant maps. Examples of such open etale invariant maps are open maps, local 
homeomorphisms, or, in the smooth setting, submersions. We say a map tf> : Q — > H 
of etale S-groupoids has property P if both 4>o and tf>i do. We denote corresponding 
2-category of S-groupoids as (S — Gpd) C p. We say a morphism 

if : -> 

has property P is there exists a homomorphism of etale S'-groupoids 

i\) : Q -> H 

with property P, such that 

<p = bP}- 

Warning: Do not confuse notation with (S et — Gpd), the 2-category of etale 
S'-groupoids and only local homeomorphisms. This only agrees with (S — Gpd) p 
when P is local homeomorphisms. 

Remark. This agrees with our previous definition of a local homcomorphism of etale 
stacks in the case P is local homeomorphisms. When P is open maps, under the 
correspondence between etale stacks and etendues, this agrees with the notion of 
an open map of topoi in the sense of [13]. When P is submersions, this is equivalent 
to the definition of a submersion of smooth etendues given in [20] . 

Remark. Notice that being etale invariant implies being invariant under restriction 
and local on the target, as in Definition 2.7. 

Proposition 5.7. Let P be a property of a map of spaces which forms a subcategory 
of S . P is etale invariant if and only if the following conditions are satisfied: 

i) every local homeomorphism is in P 
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ii) for any commutative diagram 

W -^—fY 

9 g' 

with both g and g' local homeomorphisms, if f has property P , then so does 

Proof. Suppose that P is etale invariant. Then, as P is a subcategory, it contains 
all the identity arrows, and since it is stable under pre-composition with local home- 
omorphisms, this implies that every local homeomorphism is in P. Now suppose 
that / G P, and 

W -^—fY 

9 g 
X—^tZ, 

is commutative with both g and g' local homeomorphisms. Then as P is stable 
under pullbacks along local homeomorphisms, the induced map X Xz Y — > Y has 
property P. Moreover, as local homeomorphisms are invariant under change of 
base (Definition 2.7), the induced map XxzY^X is & local homeomorphism. It 
follows that the induced map W — > X Xz Y is & local homeomorphism, and since 
/' can be factored as 

W ->• X X Z Y ->• Y, 

and P is stable under pre-composition with local homeomorphisms, it follows that 
/' has property P. Conversely, suppose that the conditions of the proposition 
are satisfied. Condition ii) clearly implies that P is stable under pullbacks along 
local homeomorphisms. Suppose that e : W — > X is a local homeomorphism and 
/ : X -» Z is in P. Then as 

W^%Z 

e id z 

X—^Z, 

commutes, it follows that the foe has property P. □ 
Lemma 5.1. For any open etale invariant P , the assignment 

TL i— > Eff (H) 

extends to a 2- functor 

ES P : (S - G V d)% ->■ Eff (S - Gpd)% 

from etale S-groupoids and P-morphisms to effective etale S-groupoids and P- 
morphisms. 

Proof. Suppose <p : Q — s> "H has property P. Since Eff does not affect objects, we 
define 

Eff (v)o = <Po- 
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Given g £ Gi, denote its image in Eff (G) 1 by [g\. Define 

ES(cp) 1 ([g]) = [cp(g)}. 

We need to show that this is well defined. Suppose that [g] = [g'\. Let V g and 
Vg> be neighborhoods of g and g' respectively, on which both s and t restrict to 
embeddings. Denote by x the source of g and g' . Then there exists a neighborhood 
W of x over which 

and 

t o 

agree. Since ip\ has property P, it is open, so tpi (V g ) is a neighborhood of ipi (g), 
and similarly for g' . By making V g and Vg smaller if necessary, we may assume 
that s and t restrict to embeddings on ip\ (V g ) and tp\ (Vg). Since <p is a groupoid 
homomorphism, it follows that 

and 

ip o t o s" 1 !^ 

agree on W, and similarly for g'. Hence, if g and g' induce the same germ of a 
locally defined homeomorphism, so do ip± (g) and tpi (g'). It is easy to check that 
Eff (ip) as defined is a homomorphism of S'-groupoids. In particular, the following 
diagram commutes: 



ES(G) 1 — ^Eff (H) 



^n 



Go- 

Since P is etale invariant and the source maps are local homeomorphisms, it implies 
that Eff (tp) 1 has property P. The rest is proven similarly. □ 

Theorem 5.2. Let jp : Eff (S — Gpd) S p (S — Gpd) C p be the inclusion. Then 
Effp is left-adjoint to jp. 

Proof. There is a canonical natural isomorphism 

Effp oj P =4- id Efi{s _ Gpdrp t 

since any effective etale groupoid is canonically isomorphic to its effective part. 
Furthermore, the maps assemble into a natural transformation 



i : id 



j P o Effp 



It is easy to check that these define a 2-adjunction. 



□ 



Theorem 5.3. Effp sends Morita equivalences to Morita equivalences. 
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Proof. Suppose ip : Q — > H is a Morita equivalence. Since Q and H are etale, this 
implies ip is a local homeomorphism. Hence, in the pullback diagram 

Hi X Ho Go > Go 

pri Vo 
Hi > Ho, 

pri is a local homeomorphism, and hence the map 

topn ■. Hi x Ha Go -> H 
is as well. We have a commutative diagram 

„ topri 

Hi x„ £o— >H 

topri 

Eff (H) 1 x no g . 

The map 

EfF (H) 1 x no Q ^Hi x no Go 
is the pullback of a local homeomorphism, hence one itself, and the upper arrow 
t o pri is a local homeomorphism. This implies 

topn: Eff {H) 1 x Ha Go^H a 

is a local homeomorphism as well. In particular, it admits local sections, and if S 
is manifolds, is a surjective submersion. Therefore Eff (ip) is essentially surjective. 
Now suppose that 

[h] :p(x)^<p (y) . 

Then 

h : (p (x) ->• cp (y) . 
So there is a unique g : x — > y such that <p (g) = h. Now suppose 

[h] = [h'\ . 

We can again choose a unique g' such that ip (g 1 ) = h! . We need to show that 

[g} = W]. 

Let V g and V^' be neighborhoods of g and g' respectively chosen so small that s 
and t of Gi restrict to embeddings on them, s and t of Hi restrict to embeddings 
on pi (V g ) and <pi (Vg) , <po restricts to an embedding on s (V g ) , which is possible 
since ipo is a local homeomorphism, and 

*°s _1 | vi (v g ) 

and 

agree on po (s (V g )) , which is possible since 

[p(g)] = [p(g r )}. 
Then by the proof of Lemma 5.1, 
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and 

ip o t o S _1 |y s 

agree on s (V g ), and similarly for g' . Hence 

Po°*°s -1 |v 9 

and 

ip o t o s _1 1 yi 

agree on W, but tpo is an embedding when restricted to W , hence 

tos~ l \ Vg 

and 

t o S _1 |y/ 

agree on W so [3] = [(/] . □ 

Lemma 5.4. Let U be an etale cover of Ho, with TL an etale S-groupoid. Then 
there is a canonical isomorphism between Eff (Hu) md (Eff {H))n (See Definition 
2.10). 

Proof. Both of these groupoids have the same object space. It suffices to show that 
their arrow spaces are isomorphic (and that this determines an internal functor). 
Suppose the cover U is given by a local homcomorphism e : U — I Ho ■ An arrow in 
Hit is a triple 

(h,p,q) 

with 

h:e{p)-*e{p). 
An arrow in (Eff (H)) u is a triple 

([h] ,p,q) 

such that [h] is the image of an arrow h 6 Hi under i-h such that 

h : e(p) -> e(p) . 

Define a map 

((Eff (tt))^ 

(10) (^P,«)^(W,P,3). 

This map is clearly surjective. 
We make the following claim: 

[h] = [h'\ 

if and only if 

[(h,p,q)} = {(h', P ,q)}. 

Suppose that 

[h] = W] ■ 

Pick a neighborhood Uh of h in Hi such that both s and t are injective over it, and 
U' h an analogous neighborhood of h! . Let W be a neighborhood of s (h) = s (h') 
over which 

(11) tos\vt=t0 8\-}. 
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Pick neighborhoods V p and V q of p and q respectively so small that e is injective 
over them, and for all a G V p , 

e (a) eW 

and 

toa\£(e(a))€e(y q ). 
As the arrow space {Hu)\ fits into the pullback diagram 

(H u ) 1 >Hi 

(«,*) 0,*) 

£/ x C/ >"H x "Ho, 

(Vp x^x Uh) H (Hu) 1 is a neighborhood of (h,p,q) over which both the source 
and target maps are injective. The set (Vp x V^ x [/£) fl (Hu)i is an analogous 
neighborhood of (h',p, q). The local inverse of s through (h,p, q) is then given by 

a >-> { s \ut ( e (»)) . a > ely,! (* ° s \ut ( e (a)))) ■ 
Hence, the germ associated to (h,p, q) is the germ of 

a ^ e \v^ (t ° s \ut ( e («)))■ 
Similarly the germ associated to (h! ,p,q) is the germ of 

a ^ e \vl ( tos \ul ( e («))) • 

From equation (11), it follows that these maps are identical. Moreover, supposing 
instead that 

l(h, P ,q)} = {(h',p,q)}, 

by the above argument, it follows that [h] = [h'\ since e is injective over V q . 

Hence the assignment (10) depends only on the image of (h,p, q) in Eff (Hu)- So 
there is an induced well defined and surjective map 

(12) (Eff(^)) 1 ^((Eff(H)) w ) 1 . 

Since, [h] — [h') implies [(h,p,q)] = [(h',p, q)] , it follows that this map is also 
injective, hence bijective. It is easy to check that it is moreover a homeomorphism. 
It clearly defines a groupoid homomorphism □ 

Corollary 5.2. There is an induced 2- adjunction 

jp 

between etale stacks with P-morphisms and effective etale stacks with P-morphisms, 
where jp is the canonical inclusion. 

Proof. Let U be an etale cover of Ho, with % an etale S- groupoid. From the 
previous lemma, there is a canonical isomorphism between Eff (Hu) and (Eff (H)) u . 
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Let Q be an effective etale S'-groupoid. Then 

Horn ([Eff {%)} , [£]) ~ holim Horn ((Eff {H)) u , Q) 

u 

~ holim Horn (Eff (U u ) , Q) 
u 

~ holim Horn (Huijp G) 
u 

~ Hom([ft],j>[0]). 

□ 

Note that this implies that (£ff<£t P is a localization of 2Hp with respect to those 
morphisms whose image under Effp become equivalences. When P is local homc- 
omorphisms, denote P = et. We make the following definition for later: 

Definition 5.10. A morphism ip : & — > X between etale stacks is called an 
effective local equivalence if ip is a local homcomorphism and Eff et (ip) is an 
equivalence. 

6. Small Gerbes 

6.f . Gerbes. Gerbes are a special type of stack. Gerbes were first introduced by 
Jean Giraud in [10]. Intuitively, gerbes are to stacks what groups arc to groupoids. 
In some sense, a gerbe is "locally" a sheaf of groups. The most concise definition 
of a gerbe is: 

Definition 6.1. A gerbe over a Grothendieck site ( c to, J) is a stack if over such 
that 

i) the unique map if — > * to the terminal sheaf is an cpimorphism, and 

ii) the diagonal map if — > if x if is an epimorphism. 

The first condition means that for any object C £ the unique map C — > * 
locally factors through Sf — >• *, up to isomorphism. Spelling this out means that 
there exists a cover (/ Q : C a —> C) of C such that each groupoid S? (C a ) is non- 
empty. This condition is often phrased by saying is locally non-empty. 

The second condition means that for all C, any map C — > x locally factors 
through the diagonal — > <S x up to isomorphism. Spelling this out, any map 
C — > $f x ^, by Yoneda, corresponds to objects x and y of the groupoid Sf (C). The 
fact that this map locally factors through the diagonal means that, given two such 
objects x and y, there exists a cover (gp : Cp —> C) of C such that for all j3, 

in *3 (Cp). This condition is often phrased by saying if is locally connected. 

If it were not for the locality of these properties, then this would mean that each 
if (C) would be a non-empty and connected groupoid, hence, equivalent to a group. 

Definition 6.2. The full sub-2-categeory of St (^) on all gerbes, is called the 
2-category of gerbes and is denoted by Qerbe (^) . 

Definition 6.3. Let J) be a Grothendieck site, then a bouquet over (^, J) is 
a groupoid object in sheaves, ©, such that 

i) the canonical map ®o * to the terminal sheaf is an cpimorphism, and 
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ii) the canonical map (s,t) : ©1 —> ©o X ©o is an epimorphism. 

Notice the similarity of this definition with that of Definition 6.1. 

Theorem 6.1. A stack 3? over (^, J) is a gerbe if and only if it is equivalent to 
the stack associated to a bouquet © £ Gpd (Sh ( ! ^ 7 )). [7] 

6.2. Small gerbes over an etale stack. 

Definition 6.4. A small gerbe over an etale stack 2£ is a small stack <S over S£ 
which is a gerbe. To be more concrete, a small gerbe over [ft] is a gerbe over the 
site Site (ft). 

Remark. Under the correspondence between etale stacks and etendues, we could 
also define a small gerbe over 2£ as a gerbe over the topos Sh (3£). 

Lemma 6.2. Let 3£ be an etale stack and let f : 3f — > SC be a local homeomor- 
phism. Then f is an epimorphism in St (S) if and only if f is an epimorphism when 
considered as a map from 3f —> 3£ in Et(3T) to the terminal object 3f — > S£ ', 
where Et (S^~) is the 2-category of local homeomorphisms over 3£ . 

Proof. Fix an etale S'-groupoid ft such that X ~ [ft] . If / is an epimorphism 
in St (S), then any map T — > X from a space T locally factors through / up to 
isomorphism. In particular, this holds for every local homeomorphism T — > 3C from 
a space. Hence, / is an epimorphism in Et(3&). Conversely, suppose that / is an 
epimorphism in Et Then the atlas a : fto — > X locally factors through / up 

to isomorphism. However, every map T — > 3£ from a space locally factors through 
a up to isomorphism as well. It follows that / is an epimorphism in St (S). □ 

Corollary 6.1. Let f : £t? — > X be a local homeomorphism of etale stacks. Then 
the stack in St (>$£") represented by f is a gerbe over X if and only if 

i) / is an epimorphism in St (S) , and 

ii) the induced map 3? — > 3? x % 3? is an epimorphism in St (S). 

In other words, when identifying f with an object of St (S/3f), it is a gerbe. 

Proof. It suffices to show that if q : 3f — >• 3f x % 3: is an epimorphism in Et(X), 
then it is an epimorphism in St (S). Choose an etale atlas 

for 3fY.sc 2? ■ Then this atlas locally factors through q up to isomorphism. However, 
any map T — ?> 3f x 3? locally factors through Y up to isomorphism. □ 

Remark. In the differcntiablc setting, this implies that the etale realization of a 
small gerbe & over an etale stack S£ , in particular, is a differentiable gerbe over 
S£ in the sense of [3], Definition 4.7. 

Definition 6.5. Let ft be an etale S'-groupoid. By a bouquet over ft, we mean a 
bouquet over Site (ft). Explicitly, this is a groupoid object © in £?ft such that 

i) no : ©o — > fto is surjective, and 

ii) (s,t) : ©i — > ©o y-Ho ®o is surjective. 

In light of Theorem 6.1 and the adjoint-equivalence 

st(J) ^i a(j) , 

L 

of Corollary 3.2, we have the following corollary: 
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Corollary 6.2. For an etale stack 3£ ~ [H], the 2-category of small gerbes over X , 
Qerbe(S^ ) , is equivalent to the full sub- 2- category of those local homeomorphisms 
3? — » 3£ in Et (3&) which are of the form L (©) for a bouquet & over H. 

6.3. Characterizing gerbes by their stalks. In this subsection, we will show 
that small gerbes over an etale stack have a simple characterization in terms of 
their stalks: 

Theorem 6.3. Let be an etale stack. A small stack 3? over X is a small gerbe 
if and only if for every point 

the stalk 2f x of 2f at x is equivalent to a group. 

Proof. Fix H an etale groupoid such that 3£ ~ [H] and x € Ho a point such that 
x =poi, where p : Hq — ^ is the atlas associated to H. Suppose that is a 
small gerbe over S£ . Then, since is locally non-empty, 

3f x ~ holim 2 (U) , 

is a non-empty groupoid. Furthermore, since Sf is locally connected, it follows that 

holim 3f (U) 

is also connected, hence, equivalent to a group. 

Conversely, suppose that is a small stack and that 

3T X ~ holim JF (U) 

is equivalent to a group. This means it is a non-empty and connected groupoid. It 
follows that 3f is locally non-empty and locally connected, hence a gerbe. □ 

The significance of this theorem is the following: 

Suppose we are given an effective etale stack and a small gerbe & over it. By 
taking stalks, we get an assignment to each point x of 3£ a group §f x . From this 
data, we can build a new etale stack by taking the etale realization of <S . Denote 
this new etale stack by %f. As it will turn out, if is non-trivial, & will not be 
effective, but it will have 5£ as its effective part and, for each point x of the 
stalk & x will be equivalent to the ineffective isotropy group of x in & . In particular, 
if X is a space X, & will be an etale stack which "looks like X" except that each 
point x s X, instead of having a trivial automorphism group, will have a group 
equivalent to & x as an automorphism group. In this case, every automorphism 
group will consist entirely of purely ineffective automorphisms. 

6.4. Gerbes are full effective local equivalences. In this subsection, we will 
characterize which small stacks 2f over an etale stack 3£ are gerbes in terms of 
their etale realization. In particular, we will show that when 3£ is effective, gerbes 
over X are the same as etale stacks & whose effective part are equivalent to S£ . 

Let % be an etale 5-groupoid and let K,, with 

\ii : ICj — > T~Lq 

for i = 0, 1, be a groupoid object in BH. Then the map 

9 K : H x K -> H 
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factors through the canonical map 

VK ■ 

Recall (Definition 2.10) that has /Co as object space, and an arrow from x to 
y is an arrow 

h : (x) -> /Lt (y) 

in and we write such an arrow as (h,x,y). Define 6'^ on objects to be the 
identity, and on arrows by sending an arrow (h, k) in T-L k K. to 

(/»,*(*)>*(*))• 

Then K = p K o 6' K . 

Lemma 6.4. In the situation above, let H be effective. Then for two 
i = 1, 2, in T~L ix JC, 

(13) ^(/ i i,fc 1 )=^(fc 2 ,fc 2 ) 
if and only if 

(14) [(h 1 ,k 1 )] = [(h 1 ,k 1 )}, 
where the bracket denotes the image in Eff (H tx /C) . 
Proof. Suppose that (13) holds, with ki : hi ■ Xi — >■ y{. Then 

/ii = fr 2 =: h, 
x\ = x 2 := x, 

and 

Vx = 2/2 =: 2/- 

Let V be a neighborhood of /ix in /Co over which /zo restricts to an embedding. Let 
U be a neighborhood of h in Hi over which s and i restrict to embeddings, and Wi 
be analogous neighborhoods of k\ and fc 2 in K,\. For all £, let 

Oi := ((Wi n n^ 1 (U)) xU)n(HK K) 1 C (H k /C) x . 

Let 

M:= f) (t(0<nsot|^(y))) cACo, 

i=l,2 

and 

fi ■ M -> /C x 

be given by /i := |m- Then the target map of % k /C restricts to an embedding 

over 0^, and letting 

we have 



(/lj, /Cj) 



S o (Tj . 



Moreover, for each i e O,, 

at (x) = (t\^ ( Ml 

Since for all i, 

Mi (/* ( x )) = Mo /i (a)) = Mo (z) , 

this simplifies to 

°i (s) = (^Ic/ 1 (Mo (a:)) i fi 0)) ■ 
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So, for all i, 
But 



o a t (x) = (tljj 1 (no (x))) 1 • s (/, (a;)) 



Mo (x) = Mo (s ° A (a:)) = Mo (s ° h (x)) , 
and s o f (x) G V for all i, so, 

s o fx (x) = so f 2 (x) . 



This implies 



s o <j\ (x) = s o <7 2 (a;) , 

(/ii,fci) _1 = (h 2 ,k 2 y 1 
Hence 

[(fcl.ftl)] = [(^2,fe)]. 

Conversely, suppose 

[(/ll,fcl)] = P 2 ,fc 2 )]- 

Then 

(15) (t\vl (mo (x)))" 1 • s (/i (*)) = (t|£ (/io (z)))- 1 • « (/a Or)) 

on some neighborhood f2 of x, which we may assume maps homeomorphically onto 
its image under /zo- Applying fiQ to (15) yields 

sot \dl (v) = sot \ul 

for all y E Mo (^)- This implies that fti and ft 2 have the same germ. As T~L is 
effective, this implies h\ =h%. This in turn implies that so/j and s o f 2 agree on 
fi, hence /ci and k 2 have the same germ. In particular, they have the same source 
and target, hence 

o' K {h u k l ) = e' 1c (h 2 ,k 2 ). 

□ 

Theorem 6.5. Let T-L be an effective etale S-groupoid and let & be a bouquet over 
H . Then 

Eff (H X ©) = Tina ■ 

Proof. Define a map <p : % m — > Eff (H x 25) as follows. On objects define it as the 
identity. Notice that the arrows of T-L^ a are triples (h,x,y) such that 

h : Mo (x) -> Mo (y) ■ 

For such a triple, 

{hx,y) e ©0 Xn ©o- 

Recall that 

(s,t) : 0i -> O x« ©0 
is surjectivc. For each (hx,y) € ©1 — > ©0 x-h ©0, choose a 7 € ©0 such that 

7 : ftx ->• y, 

and define 

K(h,x,y) := [(ft, 7)] . 
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From the previous lemma, k does not depend on our choice. Moreover, (s, t) admits 
continuous local sections, so it follows that n is continuous. Suppose that 

K(h,x,y) = K(h',x',y') . 

Then 

6{h, 1 )=6(ti,i) 

which in turn implies 

(h,x,y) = K(h',x',y') . 
Hence k is injective. Now let [(h, 7)] G Eff (H k &) 1 be arbitrary. Then 

[(ft,7)] = K(M(7),f(7)), 

so k is bijective, hence an isomorphism. Moreover, identifying H Mo with its effective 
part, 

k" 1 = Eff (6'g) , 

and in particular, is continuous. □ 
Corollary 6.3. For © a bouquet over an effective etale S-groupoid H, 

L(<8) = <S -> JT 
is an effective local equivalence over X ~ [H]. 

Proof. As 00 = o 6*g and is a Morita equivalence, it suffices to show that 
Eff (0^) is an equivalence, but this is clear as k is its inverse, by construction. □ 

Corollary 6.4. = (p : Sf — > JT) £ C^er/ie (<$£") is a smaZZ geroe over an effective 
etale stack 3£ , Sf — > 3£ is an effective local equivalence. 

Theorem 6.6. Consider the map of etale S-groupoids 

ig :g^ES(G) =:H. 

Then 

r(M)eSt([H]) 

is a gerbe. 

Proof. By Theorem 4.2, it suffices to show that P (ig) is a bouquet over H. The 
map 

top?-! : Hi x Ha g -> Ho 
is clearly surjective, as we may identify it with the map 

t : ri\ — y 'Ho- 
lt suffices to show that the map 

Hi x Wo Q 1 -> Hi x Wo Hi 
(ft, 5 ) ^ 

is surjective, where Hi xn Hi is the pullback 

Hi x no Hi >Hi 

Hi > Ho- 



Sheaf Theory for Etale Geometric Stacks 55 

Given I and I' in Hi with common target, choose g such that [g] = l'~ 1 l. Then 
(£', g) gets sent to (I, I') . □ 

Corollary 6.5. Sf = (p : Sf — > G Et(^) is a small gerbe over an effective 
etale stack S£ if and only if p : — > SC is an effective local equivalence. 

Corollary 6.6. If 3£ is an orbifold, it encodes a small gerbe over its effective part 
Eff(JT) via 

iSC : X ->Eff (JT), 
where i is the unit of the adjunction in Theorem 5.2. 

Theorem 6.7. Let 2f be an effective etale stack and Sf a small gerbe over it. 
Denote by W the underlying etale stack of the etale realization of . Then, under 
the natural bijection between the points of and the points of & , for each point 
x, the stalk ^ x is equivalent to the ineffective isotropy group of x in & ' , as defined 
in Definition 5.5. 

Proof. Represent S£ by an etale groupoid H and S? by a bouquet 25 over H. Denote 
the objects of the bouquet by 

Ho : ©o -> H . 

Then the etale realization of S? is induced by the map of groupoids 

where H^ is the Cech groupoid with respect to the etale cover po and 8' is as 
defined in the beginning of this subsection. To the etale cover po, there is an 
associated atlas 

p' : © -> sr. 

Let i be a point of S£ . Then there exists a point x G ©o such that x = p' o x. On 
one hand, from Section 3.3, it follows that the stalk & x is equivalent to the weak 
pullback in S-groupoids 

* x« M (H K ©) > H K © 



->© P ) Hn , 



which is necessarily a connected groupoid. 

An object of this groupoid can be described by a pair of the form (z, h) with 
z G ©o and h G Hi such that 

h : p (x) -> p (z) . 
An arrow from (z, h) to (z', h') , can be described simply as an arrow 

7 : z — > z' 

in ©i. 

Since this groupoid is equivalent to a group, it must be equivalent to the isotropy 
group of any object. Consider the object (£, I^aj)) . Then its isotropy group is 
canonically isomorphic to ©5, the isotropy group of x in ©. 

On the other hand, the ineffective isotropy group of x is isomorphic to the kernel 
of the homomorphism 

(H x ©), Diff x (Co) 
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induced from the canonical map 

(H k <S) -> J4?(<8 ). 
From Lemma 6.4, it follows that the this is the same as the kernel of the map 

(Hx25) £ -> 7/^,(2) 
(M) i-> h 

which is induced from 9' & and the canonical identification 

This kernel is clearly isomorphic to 25j as well. □ 

Hence, we can use the data of a small gerbe over an effective etale stack to add 
ineffective isotropy groups to its points, as claimed. The rest of this subsection 
will be devoted to characterizing gerbes over general etale stacks which need not 
be effective. 

Definition 6.6. A map of stacks S£ — > & is full if for every space T, the induced 
map of groupoids SE (T) — >• W (T) if full as a functor. 

Proposition 6.1. Let p : Sf — > 3E be a small gerbe over an etale stack. Then p is 
a full epimorphism. 

Proof. The fact that it is an epimorphism is clear. To see that it is full, we may 
assume it is of the form L (25) for a bouquet 25. This means it is the stackification 
of the map 

0<e : n k © -> n, 

where SE ~ [H] . Such a map is clearly full. □ 

Theorem 6.8. Let p : §f —> W be a local homeomorphism of etale stacks. If 
p : §f — > W is a small gerbe over & , then 

l 9 o p : <£_ -> Eff [W) 

is a small gerbe over Eff (^). Conversely, p : £f — >• & is a small gerbe over *3f if 
and only if 

i& P ■ <£. -> Eff [W) 
is a small gerbe over Eff (f3f) and p is full. 

Proof. Suppose that p : Sf — s- *3f is a small gerbe over & . In particular, this implies 
p : — > is an epimorphism. From Theorem 6.6, Ley is a gerbe, hence also an 
epimorphism. This implies lay o p is an epimorphism. Let i2T := Eff (W) . The 
following diagram is a 2-pullback: 

<i_xwi_ 

<£_xx<S_ 

Since Lay is a gerbe, the map & — > <3/ x ^ - ^ is an epimorphism, hence so is 
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The composite, 

Xoy^_^1_ x x 1_ 

is an epimorphism, since Sf is a gerbe over *3f . Hence is a gerbe over ^T. 

Conversely, suppose that ig/op is a gcrbc over j?T and that p is full. In particular, 
it is an epimorphism. Let tp : Q — > JC be a map of S'-groupoids such that 

[v] - P- 

Let H = Eff (/C) . Then the map 

£ op?-! : Hi x Wn Go -» Ho 

is a surjective local homeomorphism. To show that p is an epimorphism, we want 
to show that the induced map 

topn : /Ci x/c Go -> /Co = %o 

is a surjective local homeomorphism. It is automatically a local homeomorphism 
as pri is the pullback of one and t is one. It suffices to show that it is surjective. 
However, it can be factored as 

/Ci X /Cn Go — > Hi Xfi Gq — > W. . 

To show that <£ is in fact a gerbe over , we need to show that §f — » <$_ x& Sf is 
an epimorphism. In terms of groupoids, this is showing that the map 

topn ■. (G x K G) l X(gx K s) Go -> (G x-k. G) 

is a surjective local homeomorphism, where (G x/c G) is a weak pullback of S- 
groupoids. To see that it is a local homeomorphism, note that we have the following 
commutative diagram: 

{G x H G) l x ( ex H e) Go — {G x n G) 



(G x K G) 1 x {gxicg)o Go > {G x K G) , 

where the maps marked as et are local homeomorphisms. Since £f — > X is a gcrbc, 
we know the map 

(G x u G) 1 x {gxH g ]o Go ->• (G x H G) a 
is a surjective local homeomorphism. This implies that for every 

[7] : Lp{xi) ->tp(x 2 ) 

in (G Xn G) , there exists 171 and g 2 in Gi such that 

[7] b(ffi)] = [<p(92)] ■ 

Suppose instead we are given 

7 : <p{xi) -> <p{x 2 ) 
in (G X/c G) ■ Then as p is full, so is ip, hence 

7 = Lp (a) 

for some a <E Gi- Now, there exists g\ and g 2 in Gi such that 

[7] b(.9i)] = if (92)} ■ 
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Let <?2 : ~ ( a ■ Then (^1,^2) is an arrow in (£7 xjc 5) from 

to 

(xi,x 2 ,7) . 

Hence 

(5 x K g\ x {gXfcg)a g -> (g x K g) 

is a surjection. □ 

Corollary 6.7. Let = (p : S£ — »• j?f) &e a Zocat homeomorphism of etale stacks. 
Then & is a small gerbe over 3E if and only if p is a full, effective local equivalence. 

Proof. Suppose that & is a gerbe. From Theorem 6.6, isc : 3£ Eff {5£) is a 
small gerbe over Eff . Hence the composite tsc ° p is a gerbe over Eff by 
Theorem 6.8. By Corollary 6.4, this implies that it is an effective local equivalence, 
i.e. 

Eff {i x o p) = Eff {tsc) o Eff (p) 

is an equivalence. But Eff (l<%-) is an isomorphism, hence Eff (p) is an equivalence. 
So p is an effective local equivalence. It is full by Proposition 6.1. 

Conversely, suppose that p is full and an effective local equivalence. It follows 
that Lge°p is an effective local equivalence over Eff (SP), hence a gerbe by Corollary 
6.5. The result now follows from Theorem 6.8. □ 

7. The 2-Category of Gerbed Effective Etale Stacks 

In this section, we will treat topological and diffcrentiable stacks as fibered cat- 
egories (categories fibered in groupoids over S). The Grothendieck construction 
provides an equivalence of 2-categories between this description, and the one in 
terms of groupoid valued weak 2-functors [13]. We will assume the reader is fa- 
miliar with the language of fibered categories and this equivalence. For a quick 
introduction to fibered categories, see for instance [8]. For a fibered category 3£ , 
we shall denote the structure map which makes it a fibered category over S by psc . 

For a diagram of fibered categories: 

"}-' 
p 

5£ —Z-tW, 

we choose the explicit weak pullback described as follows. The objects of g* {W) 
are triples (x, z, r) in SC§ x x x^ such that 

Vsc (x) = par (z) = T 

and 

r : g (x) -+ p (z) , 

with r£f (T) . An arrow between a triple (zi, xi, r\) and a triple (z 2 , x 2 , r 2 ) is a 
pair (it, u) £ 3f\ x S£\ such that 

Vse (u) = psc {v) , 
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making the following diagram commute: 



g{xi) >g{x 2 ) 



\ p( v ) 
p{z 1 ) >p(z 2 ) 



It has structure map 



p g ,& (x, z, r) = ps? (z) = p x (x) , 

p g *oy (u, v) = ps? (u) = px (v) . 

We denote the canonical projections as pr\ : g*p —> 3f and pr 2 : g*p — s> <3f . Wc 
define g* p as the map pr\ : g*<3/ — > 3?. 

Given a : / g with g : SC — > W , there is a canonical map 

a : 9 P~> J P 

given on objects as 

(z, x, r) i-> (z, i,ro a(z)) , 

and given as the identity on arrows. This strictly commutes over 5^ . We denote 
the associated map in St (S) j 3£ as a* p. 
Given a composablc sequence of arrows, 

W -A 35' <¥, 

there is a canonical isomorphism x ff j : f*g*3f — > (gf)* 3f given on objects as 
(to, (x, z, r) , g) (w, z,r o g (q)) , 

and on arrows as 

(u, (a,b)) >-> (u,b). 

This strictly commutes over W. We denote the associated map in St(S) jW by 
the same name. 

In a similar spirit, given t :W & with m : p — >• t in St (5) and 
there is a canonical map 

f*m : /*p -> /*r 

in St (S 1 ) / and given </> : m n, with g : p — >• r, there is a canonical 2-cell 

/*0 : /*m /*n. 

We invite the reader to work out the details. 
Finally, we note that if 



X -> &, 
r -> J", 



and 

there is a canonical map 



w:po(=>/oA, 
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(A,C,w):^ -> /*iT 

w; (A(u;), £(it;), w(u>) _1 ) 

/ ^ (A(Z),C(0)- 



This data provides us with coherent choices of pullbacks. We will now use this 
data to construct a 2-category we will call the 2-category of gerbed effective 
etale stacks. We will denote it by Qerbed ((£ff(£t). 

Its objects are pairs (X,a) with J?T an effective etale stack and a — > S£ an 
effective local equivalence. Of course, this is the same data as a small gerbe over 
X. 

An arrow from (X,a) to (W, r) is a pair (/, m) where f : X —> & and 
m : cr — > /*r in St (5) /iST. Note that this is equivalent data to a map in St (X) 
from er to f*r viewed as gerbes. 

A 2-cell between such an (/, to) and a 

{g,n):(X,a)^(^,r), 

is a pair (a, 0) with a : f g a. 2-cell in (EffGH, and a 2-cell in St (S) / X such 
that 




>£fr 



/*r. 

Composition of 1-morphisms is given as follows: 
If 

(f.m) 

(X , <j) ■ ► (ST, T ) > (iF, p) , 

is a pair of composable 1-morphisms, define their composition as (<?/, n * to) , where 
?i * to is defined as the composite 

m . /*(«) „ „ Xg,f , Nt 

o > f*r > f*g* P > (<?/)* P . 

Vertical composition of 2-cells is defined in the obvious way. 
Suppose 

(a,<f>) : (/,to) (k,p) 

and 

(/3,V) : (g,n) 

with 

(/,m):0r,a)^(^,T) 

and 

( ff ,7i):(^,r)^(^,p). 
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Denote the horizontal composition of (5 with a by /3 o a. Then we define the 
horizontal composition of 2-cells 

(P, VO ° (a, (ft) ■■ (g, n) o (/, m) =>• (l,p) o (k, o) , 

by 

((3, ift) o (a, (ft) = {(3o a, i/> *</>), 
where ip * (ft is defined by the pasting diagram: 



k*l*p- 



XI, k 




/*(«) 



Xg.f 



> (I*r (p) 

(/3ofc)*(p) 

(s Q )*(p) 



Remark. What we have actually done is applied the Grothcndicck construction for 
bicategorics [2] to the trifunctor which associates to each effective etale stack, the 
2-category of effective local equivalences over 3£ (which we know to be equivalent 
to the 2-category QerBe {3£) of small gerbes over 

If P is an etale invariant subcategory of spaces, we can similarly define the 2- 
catcgory Qerbed (2rff(£t)p in which each underlying 1-morphism in (SffGH must lie in 
CffCtp. 

Theorem 7.1. P is an open etale invariant subcategory of spaces. Then the 2- 
category QerBed ((£ff£t) p of gerbed effective etale stacks and P-morphisms is equiv- 
alent to the 2-category <£tp of etale stacks and P-morphisms (See Corollary 5.2). 

Proof. Define a 2-functor 9 : <£t P -> QerBed (<£ff£t) p . 
On objects: 

9(JT) = (Eff( i r),^), 
where t is the unit of the adjunction in Theorem 5.2. This associates S£ to the 
gerbe it induces over Eff {5£) . 

On arrows: Suppose ip : X — > <3f is a map in GHp. Notice that the diagram 

f 



3£ 



Eff (.ST) Eff (00, 

commutes on the nose, so there is an associated map 

Define 6 {tp) = (Eff {tp) , {^,tp, id)) . 

On 2-cells: Suppose that tp' : 3£ — > <ty and 

a : tp => tp'. 

Then define 

6(a) = (Eff (a), a), 
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where 

a: (ES(<p)*p) 1 

is defined by the equation 

a (x) = [id, a(x) _1 ) . 

We leave it to the reader to check that O is 2-functor. 
Define another 2-functor 



On objects: If a 



3 : Qerbed (<Sff<£t) P — » £t P . 
-> X is an effective local equivalence, denote Sf by a. Let 
S (iT.tr) := a. 

On arrows: Suppose (/, m) : (JT, <j) — > (^,r). Denote the underlying map of m 

by 

Define 
where 



is the canonical projection. 
On 2-cells: Given 

and 



m. : a — > f*r. 
3 (/, to) := pr 2 om:cr->T, 
pr 2 : /*r ->■ r 

(g,n):(Sr,a)^(^,T) 



{a,4>) : (f,m) -> (g,ri) , 
define 3 ((a, </))) by the following pasting diagram: 




pr-2 




By direct inspection, one can see that 

3 o 9 = idgffetp • 
There is furthermore a canonical natural isomorphism 

On objects 

eoH((JT,(7)) = (Eff(a),^). 

By Corollary 6.4 and Theorem 6.6, this is canonically isomorphic to (iT, a). More- 
over, if 

(/,m):(jr, ( x)^(^,T), 

then 

65 ((/, m)) = (Eff (pr 2 o to) , (ia,pr 2 o to, id)) . 
Consider the following diagram: 
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Eff (a 



Eff(m) 




> Eff (pr 2 ) 



Eff(/*r) 



Eff(/*r) 



-> Eff (r ) 

Eff(r) 



Eff (Jf) 



Eff(/) 



->Eff (^) 



Since a and /*r are effective local equivalences, the triangle consists of all equiv- 
alences. The lower square likewise consists of all equivalences as X and 9 are 
effective. We leave the rest of the details to the reader. □ 

Corollary 7.1. There is an equivalence of 2-categories between gerbed effective 
etale differ entiable stacks and submersions, Qtrbed (*£ff<Et) 6 , and the 2-category 
of Stale differ entiable stacks and submersions, 2H su b m . 

Remark. Some variations of this are possible. For example, if we restrict to etale 
stacks whose effective parts are (equivalent to) spaces, so-called purely ineffective 
etale stacks, then the functor Eff extends to all maps. The proof of Theorem 7.1 
extends to this setting to show that purely ineffective etale stacks arc equivalent to 
the 2-category of gerbed spaces, a result claimed in [11]. This theorem is a corrected 
version of theorem 94 of [18] (which is unfortunately incorrect since there is an error 
on the top of page 44, see the remark after Corollary 3.2). Moreover, by results of 
[11], this restricts to an equivalence between purely ineffective orbifolds and gerbed 
manifolds whose gerbe has a locally constant band with finite stabilizers. 



Appendix A. Sheaves in Groupoids vs. Stacks 

Definition A.l. Let ^ be a small category. A strict presheaf in groupoids 

over ^ is a strict 2-functor F : c €° v — > Gpd to the 2-category of (small) groupoids. 
Notice that this is the same as a 1-functor ^ op — > t\ {Gpd), where the target is the 
1-category of groupoids. A morphism of strict presheaves is a strict natural trans- 
formation (i.e. a natural transformation between their corresponding 1-functors 
into Ti (Gpd)). A 2-morphism between two natural transformations a% : F =>■ G, 
i = 1,2, is an assignment to each object C of ^ a natural transformation 

w{C) : ai(C) => a 2 {C) 

subject to the following condition: 

For all / : D — > C, we have two functors from F(C) to G(D), namely 

G{f) ai {C) = ai {D)F{f) 

and 

G(f)a 2 (C) = a 2 (D)F(f). 

Given our assignment C <— > w(C), we have two different natural transformations 
between these functors: G(f)w(C) and w(D)F(f). w is called a modification 
if these two natural transformations are equal. Modifications are the 2-cclls of 
strict presheaves. This yields a strict 2-category of strict presheaves in groupoids 
Psh(tf,G P d). 
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Proposition A.l. The 2-category Psh( c & ,Gpd) is equivalent to the 2-category of 

^ op 

groupoid objects in Set 

Proof. Let (■) i : n (Gpd) — > Set, i = 0,1,2 be the functors which associate to a 
groupoid Q its set of objects Qo, its set of arrows Q\, and its set Q2 of composable 
arrows respectively. Let F : c €°' p — s- t\ (Gpd) be a strict preshcaf of groupoids. 
Then each Fi is an ordinary presheaf of sets. Moreover, for each C, F(C) is a 
groupoid, which we may write as demanding certain diagram involving each F(C)i 
to commute. These assemble to a corresponding diagram for the global i*Vs, show- 
ing they form a groupoid object in Set ' , Q(F). Given 1-morphism a : F => G 
in Pshffi, Gpd), let Q(a) : Q(F) —> Q(F) be the internal functor with components 
Q(a)i(C) = a(C)i for i = 0,1. Finally, let w be a modification from a to j3. Then, 
in particular, for each C, w(C) : a(C) => /3(C) is a natural transformation, so is a 
map w(C) : F(C)o — > G(C)i satisfying the obvious properties. It is easy to check 
that the conditions for w to be a modification are precisely those for the family 
(w(C) : F(C)o — s- G(D)i) to assemble into a natural transformation 

Q(w) : F G x . 

Since w is point-wise a natural transformation, Q(w) is an internal natural trans- 
formation. It is easy to check that this is indeed an equivalence of 2-categories with 
an explicit inverse on objects given by 

G i-> Horn ( • , G) . 

□ 

Definition A. 2. Let (^, J) be a Grothcndicck site. Then a sheaf of groupoids is 
a strict presheaf F : — > t\ (Gpd) such that for any covering family (C» — > CL, 
the induced morphism 

F(C)^hm Jlmi^II^) 

i ij 

is an isomorphism of groupoids. Sheaves of groupoids form a full sub-2-category 
Sh( < ^', Gpd) of strict presheaves of groupoids. 

The following proposition is easily checked: 

Proposition A. 2. The 2-functor Q : Psh(^,Gpd) Gpd (Sct^"^ restricts to 
an equivalence Q : Sh^, Gpd) — > Gpd (Sh ( c &)) . 

Analogously to sheaves of sets, there is a 2-adjunction 
Sh(^, Gpd) fc=^ Psh(^, Gpd) , 

i 

where sh denotes sheafification. 

Denote by j : Psh(f€ , Gpd) — > Gpd^° P the "inclusion" of strict presheaves into 
weak presheaves. We use quotations since this functor is not full. The following 
proposition is standard: 

Proposition A. 3. Let 3? be a strict presheaf of groupoids. Then 

a o j (3?) ~aojoiosh (3?) , 
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where a denotes stackification. 

In other words, if you start with a strict presheaf of groupoids, sheafify it to a 
sheaf of groupoids, and then stackify the result, this is equivalent to stackifying the 
original presheaf. 

Corollary A.l. Every stack is equivalent to aojoi (W) for some sheaf of groupoids 
W. 

Appendix B. Proof of Theorem 3.2 

In this Appendix, we will prove that the generalized action groupoid construc- 
tion described in Section 3.1 yields a concrete description of etale realization. For 
technical reasons, we start by fixing an ambient Grothcndicck universe U. Recall 
the following definition from [1] (expose ii): 

Definition B.l. A locally W-small Grothcndieck site (§ ,V) is called a W-site if 
there exists a W-small set of objects G, called topological generators, such that 
every object E S <§ admits T^-cover by a family of morphisms all of whose sources 
are in G. 

Theorem B.l. [1] (expose ii, theorem 3.4) If (d>,V) is aU-site, then the category 
of presheaves of hi -small sets on £ is locally IA- small. Moreover, the full subcategory 
thereof consisting of U-small V -sheaves is reflective, and the reflector is left exact, 
hence this subcategory is a U-topos. 

Remark. In particular, a W-site is not necessarily iY-small. An important example 
of a W-site which is not iY-small is the following: 

Suppose ', J) is a W-small site. Let £ := Shfj be the W-topos of ./-sheaves 
of W-small sets. Equip £ with the canonical topology which is generated by jointly 
surjective epimorphic families. Denote this site by {£ , can). This site is clearly not 
W-small, but it is a W-site, since the set of representable sheaves is Zi-small (since 
it is a copy of ^) and topologically generates £ (because of the Yoneda lemma). 
Moreover, the category of W-small sheaves on this site, is canonically equivalent to 
£ itself. More generally, if (If, J) is not W-small, but just a W-site, (£,can) is still 
a U-site; its topological generators are the image of those of 'tf under the Yoneda 
embedding. 

Lemma B.2. Let £ be a U-small topos, (3t,K) be a U-small site, and 

G : £ St£ {9) 

be a 2- functor from £ into the 2-topos (inU) of K- stacks of (essentially) hi-small 
groupoids, which preserves coproducts and epimorphisms. Denote by 

y £ :£^ St u can {£) 

the Yoneda embedding of £ into the 2-topos of U-small stacks on £. Then, there 
exists (an essentially unique) U-small weak colimit preserving 2-functor 

L u £ : St u can {£) -y St& [9) , 

which when restricted to £ along yg agrees with G (up to equivalence). 
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Proof. Let V be a larger Grothcndieck universe such that U G V. Then {£ , can) is 
a V-small site. Consider the canonical inclusion 

il : Sf£ (#) -> St£ (#) . 

By [16] (Remark 6.3.5.17), this inclusion preserves W-small weak colimits (apply 
t<i to functor in this proposition, and note that r<i is a colimit preserving functor 
of infinity categories). Let £ denote the 2-topos in V of V-small weak presheaves 
of groupoids on £ . Let denote the weak left Kan extension of i@ o G along the 
Yoncda embedding y v of £ into £ . Denote its right adjoint by Explicitly, for 
G Stft (3f) is the weak presheaf that assigns E e £, the groupoid 

R V £ {2?){E) ~ Horn (L v £ y v (E) , iF) 
~ Horn (^G (£) , ^) . 

Since G and both preserves coproducts and epimorphisms, their composite pre- 
serves covers, and since iF is a stack, it follows that this presheaf satisfies descent 
for the canonical topology on £, so is an object of St^ an (£) . Hence, by abuse of 
notation, there is an induced 2-adjunction 

5*v (£) St v K (®) . 

The 2-functor Lg is uniquely determined up to equivalence by the fact that it is 
V-small weak colimit preserving, and agrees up to equivalence with o G when 
restricted to £ along y v . Define 

: = L £ o i £ 

where is the canonical inclusion 

which is W-small weak colimit preserving. It follows that is W-small weak colimit 
preserving, and by construction, when restricted to £ along the Yoneda embedding 
y u of £ into W-small stacks over £, it agrees up to equivalence with G. It suffices 
to show that the essential image of iJg lies in the essential image of i.e. W-small 
if-stacks. Let G St^ an (£) . Then W is a stack over the topos £ in the sense of 
[10], hence there exists groupoid object JC £ Gpd (£) such that W ~ [K] is its stack 
completion. In particular, this implies that & is the weak colimit of the truncated 
semi-simplicial diagram 

^2 =| ICi /Co, 

when viewed as a diagram in St^ an {£) , i.e. taking the weak colimit after applying 
y u , the Yoneda embedding into W-small stacks over £ . Hence 
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L v £ i% f holim y u K. 



~ holim Lgy v K. n 

~ holim igG (JC n ) 

— ^holim G (K,„ 

Therefore, the essential image of consists entirely of W-small A"-stacks. 



□ 



Let 3£ ~ [H] be an etale stack, with H an etale S-groupoid. Consider the 
2-functor 

Hx : Gpd(BH) -> (5 e * - Gpd) /% 
from Section 3.1. Denote by G the composition 

BH A Gpd (BW) — — > {S et - Gpd) /H A St (S/X) , 

where g is the canonical inclusion. 

Proposition B.l. The 2-functor G as defined above preserves coproducts and epi- 
morphisms. 

Proof. The fact that G preserves coproducts can be checked immediately. As far 
as cpimorphisms, suppose that 

ip : E -4 F 

is an epimorphism in BTL. To show that G (<p) is an epimorphism in St (S/X), it 
suffices to show that the map 

topn : [U x F) t x F E^F 

is an epimorphism in BH where 

(H x F) 1 x F E-^^E 



(H x F) x >F 

is the pullback diagram in BH. However, (H x F) 1 is itself the pullback 

(H k F) 1 — - — > F 



-¥ Hq, 



Ux — 

where v is the moment map of F. Since tp is, in particular, a map in S/Hq, 
v o ip = where \x is the moment map of E. Hence (H X F) 1 x p E is in fact the 
fibered product 

Hi x Ho E=(H x E) 1 . 
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The map t o pr\ can then be identified with t o % x (tp) which is an epimorphism 
since t is and % x (tp) is the pullback of tp along 

s : (H x F) 1 -> F. 

□ 

Corollary B.l. There exists a weak colimit preserving 2-functor 

L BH :St can {BU)^St{S/3r) 
whose restriction to BH along the Yoneda embedding 

Vbh ■ BU ^ St can (BH) 
agrees with G up to equivalence. 

(We have suppressed the role of the Grothcndicck universe U for simplicity.) 
Lemma B.3. Let 

Y : (S et - Gpd) /% -> St (S) / ,T 
be the 2-functor which sends a groupoid <p : Q — > H over % to 

[<f] ■■ [G] -> [H] = X. 
Then for U C 7io an open subset, the stacks y (U Ho — > 3C) and 

Y (@mu^) — terrify] 

are canonically equivalent in St (S) j X , where mjj is the equivariant sheaf associ- 
ated to the representable U 6 Sitc(H) (Definition 2.21), and 

mu ■ H x mu ->■ H, 
is as in the remark directly preceding Proposition 3.1 

Proof. T~L x mu has objects s~ l (U) and arrows are of the form 

(h, 7) : 7 — > h o 7. 

Define an internal functor 

fu-.H^mu-^ U td 

on objects as 

s- 1 (U) 17 

and on arrows by 

(ft, 7) h-> 3(7) . 

Define another internal functor 

gv :U ld -^Hk m v 

on objects as 

x M> l x 

and on arrows as 

a; i-> (l X) i x ) . 

Clearly 

fu °gu = *dc/-d ■ 
Moreover, there is a canonical internal natural transformation 

'■ 9u fu ^ iduxmu, 
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given by 

V (7) = (7,1 S (7)) • 
Denote by ajj : U %d — > H, the composite 

Notice that gu extends to a morphism from ajj : U td — > T-L to TLixmu in (S et — Gpd) /T-L 
as 9 mu o gjj = ajj- Note that the formula 

a-u (7) = 7 _1 
defines an internal natural transformation 

au ■ @mu a u ° fu- 

Hence (fu, ceu) is morphism in (S et — Gpd) /H from 9 mu to au- It is easy to check 
that Au is in fact a 2-cell in (S et — Gpd) /%. Hence au and 9 mu are canonically 
equivalent, so the same is true of their images under Y. □ 

Consider the functor 

to : Site (H) BU, 

from Proposition [15]. Then, this is a morphism of sites, and in light of the afore- 
mentioned proposition, it induces an equivalence of bicategories 

to, : St {Site (H)) St can (BH) . 

The 2- functor to, is the left Kan extension of yisn m (See Corollary B.l for the 
notation) along the Yoneda embedding 

y H : Site (%) ^ St (Site (%)) . 

In other words, it is the unique weak colimit preserving 2-functor whose restriction 
to Site (H) along i/u agrees with ysu ° to up to equivalence. 

Corollary B.2. The etale realization 2-functor 

L : St(Site(H)) St(S/3?) 

from Corollary 2.4 is equivalent to Lgu o toi. 

Proof. This follows from Lemma B.3 together with Corollary B.l. □ 
Lemma B.4. The composite 

YoHt<:Gpd (BH) -> St (S/StT) 
preserves epimorphisms and weak pullbacks. 

Proof. Suppose that tp : K, — > C is an epimorphism in Gpd (BH) . This implies that 
the induced map 

topn : Ci x Co /C -> £0 

is an epimorphism. In particular, this means that, when viewed as a map of under- 
lying spaces, it is a surjective local homeomorphism, i.e. an etale cover. There is a 
canonical map 

£l X£ -> (H K C) 1 x £o /Co 
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induced by the canonical homomorphism T£ : C — > (T~L x C) (See the remark directly 
preceding Proposition 3.1) such that the following diagram commutes 

(H k C) 1 x Co /Co 

topri 



topri 



+ A)- 



Hence 



t opn : (H k C) 1 Xc ICo ->■ £ 

is a surjective etale map. This implies that Y o % x (yj) is an epimorphism. 

To show that YoHx preserves weak pullbacks, it suffices to show that does, 
since Y preserves finite weak limits. Suppose that 




is a weak pullback diagram in BH. Explicitly, we may describe P by its objects 
being triples 

(a, b,l) G A x B x Ci 

such that 

I : a (a) ->• /3 (b) , 

with the obvious structure of an etale %-space (we can take the moment map £o to 
be the projection onto Bq followed by its moment map vq). Its arrows from 

(a, 6,0 -> (a',6',0 

can be described by pairs 

(k a ,k b ) G Ax x B x 
such that the following diagram commutes: 

l 



a (a) 



a(k a 



a(a')-!—>P(V). 

This condition on the arrows can be expressed as a pullback diagram, hence they 
also inherits the structure of an etale %-space. Now, the objects of % k P are the 
same as P. The arrows 

(a, b, I) — > (a , 6', £ ) 

in H X P can be described by triples (/i, fc/ la , fcfci,) such that 

(fefea, k hb ) : (ha, hb, hi) -)• (a', Z') 

is an arrow in P. These of course assemble into a space which can be constructed 
via pullbacks as well, with moment map £i. With the choice of moment maps £, 
% x P becomes an S'-groupoid over % by factoring it through 

e B :UK B ^U. 
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Let P' denote the weak pullback 

P' > Htx A 



Hx B > HkC. 

Its objects can be described by quadruples 

(a, b, h, I) e A x S x Hi x Ci 

such that 

k:ha{a) -> (3 (6) . 
A quick calculation shows that its arrows 

(a,b,h,l) -> (a',b',h',l') 
can be described by quadruples 

(/i a , fc a , hb, h) 6 Hi x 4i x Ml x B! 

such that 

k a : h a a ->■ a' 

and 

fcb : /i 6 — ► 6', 

and such that 

(16) (h'h a , I' o(h'-a (k a ))) - {h b h, /3 (k b ) o (h b ■ I)) . 

We may regard P' as an S'-groupoid over % by factoring it through its canonical 
projection onto H X P. 

There is of course a canonically induced map 

F : H x P -> P' 

coming from the cone obtained by applying Hk to the diagram expressing P as a 
pullback. On objects, F sends a triple 

(a, 6,0 h-> (a, 6, 1^(0)0 , 

where 

/il : (7x — ► Mo 
is the moment map. On arrows it sends 

(h, k ha , khb) (/i, fcho, /i, k hb ) . 
Define a homomorphism A : P 1 — > P on objects by 

(a,b,h,l) 1 ^ (/ia, 6, l/n(O>0 
and on arrows by sending quadruples 

(h a ,k a , hb, h) : (a, 6, /i, i) ->■ (a', 6', h' , I') 

to triples 

(h'hah^ 1 = hb, h! ■ k a , h) ■ 
Notice that A strictly commutes over H and A o F = id-u^p. Moreover, consider 
the continuous map 

w : P ' -> P( 
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given by 

(a,b,h,l) i ^ (h, t ha ,t Vo( b), 1&) , 
where z^o is the moment map of £?. Notice that 

uj (a, &, h, I) : (a, 6, h, I) -> (/ia, 6, t^(i), l) 
It follows that oj is an internal natural transformation 



w : id'p 



Fo A. 



It is easy to check that it is indeed a 2-morphism in S — Gpd/H, hence F is an 
equivalence. □ 

Theorem B.5. Consider the canonical 2- functor 

[■] BH : Gpd (BH) -> St (Site {%)) 

which associates a groupoid object K. in in BH with its stack completion. Then [ ■ 
is essentially surjective and faithful (but not in general full), and the 2-functors 
I ' lew an d Y oT-L\k are equivalent. 

Proof. The fact that [ • ] Bn is essentially surjective follows from the fact that every 
stack is equivalent to a strict 2-functor, which is in particular a sheaf of groupoids, 
i.e. a groupoid object in sheaves. The fact that is faithful follows from the fact that 
sheaves of groupoids considered as weak presheaves are separated (i.e. prestacks). 
Let K. be a groupoid object in BH. Then the following is a 2-Cartesian cube all of 
whose edges are epimorphisms: 




where p : /Co — > IC is the canonical map. From Lemma B.4, 

Y o H k (p) : [H x /C ] -> [H k £] 

is an epimorphism, and also, applying Y o "Hx to the above cube, results in an- 
other 2-Cartesian cube, this time in the 2-topos St(S/^) , all of whose edges are 
again epimorphisms. The fact that this cube is Cartesian means that the diagram 
obtained by deleting the vertex [H x /C] and all edges into it, namely 

[H x /C 2 ] ^ [H x £i] 4 [H x /C ] , 

is the truncated semi-simplicial Ccch nerve of the epimorphism Y o H x (p) . From 
[16], since St(S/ 3£) is a 2-topos, this implies that 

[H x £] ~ holim ([H x /C 2 ] ^ [H x /Ci] 4 [H x /C ]) . 
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Notice that in the 2-topos St (Site('H) , 

[1C] BU ~ holim (/C 2 /Ci =^ /Co) • 

From Corollary B.2, this implies that 

L [K] Bn ~ L BH o m, ([/C] ra ) ~ holim ([H x /C 2 ] ^ [H t< Ki] 4 [H x /C ]) . 

Hence 

Z[/C] bh ~[Hk£]. 
We leave the rest of the details to the reader. 

□ 
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